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The application of miniature, in vivo wheeled surgical robots placed inside 
the abdominal cavities may improve and expand the application of minimally 
invasive surgery (MIS). Study of robotic mobility is necessary to advance this work 
by providing good criteria for performance evaluation of wheel pattern design 
strategies. The research reported aims at the development of an analytical base 
model of rolling motion on tissue and verification of model effectiveness through 
experimental and computational methods. The results derived in this work are 
anticipated to be used as the foundation of a more detailed and specific analytical 
model, and provide guidance for future wheel pattern design of in vivo surgical 
robots.  
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CHAPTER 1  
INTRODUCTION 
1.1 Project Motivation 
Minimal invasive surgery (MIS) has become popular as it can greatly reduce 
patient trauma and shorten recovery time [1]. However, surgeon dexterity and 
perception during MIS is sometimes limited due to the small entry incision size on 
the patients, and as a result, surgeons often have a preference of using traditional 
open surgery over MIS for the most complex procedures [2,3]. One possible 
improvement is the application of mobile surgical robotic devices that would be 
placed entirely inside of the body to assist with surgery, to provide a better vision 
angle or even perform simple operations like cutting or suturing [4–7].  
One essential feature for such surgical robots to function properly is their 
ability to attain effective mobility in vivo. Locomotion systems with motor-driven 
wheels, which are suitable for the open environment of an insufflated abdomen 
cavity during laparoscopy is a primary research focus of author’s group. Through a 
recent in vivo porcine (pig) animal testing, the author has found that a special 
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prototyped wheel-driven surgical robot with micro-patterned polydimethylsiloxane 
(PDMS) tread on the wheels shows great mobility at the abdominal cavity [8] (as 
shown in Figure 1 and Figure 2). An example of this micro-patterned tread is shown 
in Figure 3. This in vivo robotic system driven by two wheels is developed to assist 
laparoscopy. The robot can be equipped with camera or surgical tools such as scissor 
or tweezers to help perform simple surgery tasks remotely. However, very few 
existing studies are able to provide valuable approaches to explain this great 
mobility of the miciro-patterned PDMS wheel, nor guidance for the design of the 
micro-pattern to achieve better wheel mobility. Due to the lack of focus in this area, 
we initiated a project aiming at developing a systematic procedure to study the 
mobility of micro-patterned wheels, and eventually use it to improve the 
effectiveness of micro-patterned wheel tread designs suitable for different working 
environments.  
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Figure 1. A two-wheeled in vivo robotic system that uses micro-patterned 
polydimethylsiloxane (PDMS) treads to cover the circular wheels. These micro-
patterned treads are 100 µm in diameter, and 100 µm tall. This prototype is 
approximately 20 mm in diameter, and 140 mm in length, and weighs 50 grams. 
 
 
Figure 2. The micro-patterned circular wheels provide sufficient traction in vivo to 
move over all obstacles of the insufflated abdominal cavity during porcine (pig) 
animal testing.  
 
 4 
 
 
Figure 3. Optical microscope view of micro-tread pattern with 1:2 aspect ratio 
(height: width).  
 
The study of mobility for these micro-patterned wheels in our group is mostly 
performed from two aspects.  One approach is based on experiments, while the 
other focuses on theoretical analysis. The aim of the work described here follows the 
theoretical approach. 
1.2 Scope of research 
The author is responsible for the first phase of this project, with the objective 
of developing a fundamental theory that future work can be based upon. The 
analytical model introduced in this work is termed the “base model”, which gives a 
prediction of wheel-tissue interaction, and serves as a general foundation for future 
theory development.  
Specifically, the interaction between the wheel and biological tissue is 
analyzed within the field of contact mechanics. The biological tissue substrate will 
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be treated as viscoelastic material and the PDMS covered wheel as a smooth rigid 
body. The approximation of a smooth wheel is reasonable considering that a wheel 
diameter is in the centimeter range, while the micro-patterned tread diameter is in 
the sub-millimeter range. A mathematical model with the capability to provide the 
information regarding the geometry of the contact area and mechanical response of 
the biological tissue under interaction will be provided at the end of this work. The 
development, validation and simple application of the model are presented in 
details in the following chapters. 
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CHAPTER 2  
LITERATURE REVIEW 
This chapter presents a brief discussion of the background, including 
minimally invasive surgery and surgical robots, followed by a detailed report on 
research performed to date regarding the mathematical model developed for an 
analytical analysis of rolling contact on soft tissue. 
2.1 Background 
2.1.1 Minimally Invasive Surgery (MIS) 
Sometimes referred to as minimal access surgery by surgeons, minimally 
invasive surgery (MIS) has become a popular choice among modern surgical 
procedures [9–12]. One representative surgery of MIS is laparoscopy [13]. During 
this surgical procedure, an optic camera is inserted through an incision to provide 
the surgeon with a field of view, and various laparoscopic instruments are inserted 
through one or two other incisions to perform the procedure [14]. 
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The MIS holds the advantage of offering patients reduced trauma and 
quicker recovery [15], but is sometimes challenging for surgeons due to reduced 
dexterity and limited perception because of the size of the entry incision [16]. In 
addition, the limited size of the entry incision also causes the reduction of tactile 
feedback as well as dexterity, which in some cases even lead to accidental damage of 
tissue [17].  Drawbacks such as these have prevented the application of MIS to 
procedures as complex as those performed during open surgery. Thus, research 
efforts have more recently focused on the improvement of the MIS with the aid of 
mobile surgical robotic devices [1,2,4,18,19]. 
2.1.2 Mobile Surgical Robotic Devices 
Several research teams are exploring potential mobile surgical robotic devices 
that would be placed inside of the body to assist with surgery [1,2,4,18,19]. Such 
devices would provide an unconstrained platform for sensors and manipulators to 
be used to assist the surgical team [20,21]. One essential feature for such surgical 
robots to function properly is their ability to attain good mobility performance in 
vivo. Locomotion systems with motor-driven wheels, which are suitable for the open 
environment of an insufflated abdomen cavity during laparoscopy, have recently 
drawn researchers’ attention [22–24]. The author’s research group has designed, 
built and tested several mobile in vivo robot prototypes [8,25]. One of the prototypes 
used in the gastrointestinal (GI) tract is shown in Figure 4. This tethered Robotic 
Capsule Endoscope (RCE) has the capability of moving inside the gastrointestinal 
tract actively, driven by PDMS patterned covered treads (top left, right). With the 
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LEDs and camera attached to the front, the RCE can provide visual feedback to 
users while operating inside the GI tract. 
 
 
Figure 4. Example of a wheel-driven Robotic Capsule Endoscope (RCE) prototype 
developed in our group [25]. This RCE with arced treads can also be treated as a 
large round wheel in general (bottom), with the possibility of using the model 
developed in this research. 
 
These surgical robotic systems are designed to work in vivo to help expand 
the vision of the surgeon, or even perform simple surgery tasks remotely. To ensure 
their functionality, proper study of the in vivo mobility for such locomotion system 
is a priority.  
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2.1.3 Traditional Tread-Surface Interaction  
The mobility performance study of an in vivo wheeled robot can be 
categorized as a branch of the general context of tread-surface interaction. A mobile 
device moving inside the body can be viewed in the general context of tread-surface 
interaction. Tread-surface interaction has been studied extensively in the robotics 
and automotive communities in the context of vehicle-terrain interaction [26–32]. 
Passenger car tires are currently designed with an eye on aesthetics and 
functionality [33], noise and lateral slippage minimization [34,35]  and study of 
tread patterns under contact loading [36–38].  
While these passenger car tire studies can yield insight into some aspects of 
tread-tissue interaction, the locomotion on deformable, fragile substrates, such as 
biological tissues, involves different physical phenomena. The surface of many 
lumens/cavities possesses several key differences from most terrestrial terrains and 
the constitutive relations describing tread-tissue interaction are quite different from 
those of soils (i.e. tissues are ~3 orders of magnitude softer). Also, the surface 
deformation under the weight or force of the mobile devices can be high, sometimes 
even larger than the device itself. Finally, relative surface speeds are 3-4 orders of 
magnitude slower in vivo [8,13]. These significant differences in underlying 
locomotion mechanics render existing tread designs insufficient and current 
(typically heuristic) design methods unsuitable. As a result, it is necessary to 
conduct this work from the very beginning, i.e., development of basic mathematical 
models. 
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2.2 Material Model for Soft Tissue 
Biological tissue has time-dependent material properties and its response to 
robot interaction can be challenging to characterize. In order to study this 
interaction analytically, a proper mathematical model needs to be chosen to 
represent the biological tissue. To date, several material models have been proposed 
by researchers.  
2.2.1 Basic Elastic models 
The simplest model generally accepted is the linear elastic model. According 
to this model, the deformation under a given amount of external force follows 
Hooke’s law. As a result, a linear elastic material has a linear stress-strain 
relationship, and the curve of strain plotted against the stress is straight lines, as 
shown in Figure 5(a). Due to this linear relationship, linear elastic materials have 
been used for fast surgery simulation, which deals with small displacements only 
[39–41]. For large deformations, more complex nonlinear elastic models have been 
introduced, such as the Mooney–Rivlin model [42] or the St. Venant–Kirchoff model 
[43,44] where the stress-strain relationships are no longer linear. A representative 
stress-strain curve of these nonlinear models is shown in Figure 5(b).  In addition, 
some models have also taken the nonreversible elastic behavior [45] or the plastic 
deformation [46] into account, and their stress-strain curves are shown in Figure 
5(c) and (d).    
 11 
 
 
Figure 5. The Stress (σ)-strain (ε) curves for (a) Linear elastic material, (b) Non-
linear elastic material, (c) Hysteresis elastic material and (d) Plastic material. 
             
Although those varieties of basic elastic models are popular in certain 
research fields such as the traditional medal industry, they are not reliable when 
the time-dependency of the material is a factor to be considered. Since the mobility 
study of the robots’ wheel is essentially a dynamic or quasi-static problem, those 
models introduced so far cannot serve our purpose properly. 
2.2.2 Viscoelastic Model 
To date, experimental results suggest that basic elastic models are only a 
rough approximation of the actual soft tissues [47,48]. An experimental 
characterization of the mechanical properties for swine brain tissue was reported in 
[49], and the results showed that the brain tissue was highly non-elastic, but with a 
viscoelastic constitutive model it was possible to model the deformation. Similar 
observation is also achieved through experimental work on swine kidney [50]. In 
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general, the stress of the soft tissue model is usually related to the speed of 
deformation, and therefore tissue material shows viscosity. As a result, tissue 
models taking this viscous effect into account can characterize the time-dependency 
of the tissue response to external stimulation. This results in the introduction of the 
viscoelastic model, a model that combines elastic and viscous behaviors [51]. 
2.2.2.1 Maxwell Model  
One of the most renowned and also simplified viscoelastic models is the 
Maxwell model [52–54], as depicted in Figure 6.   
 
Figure 6. The Maxwell model for viscoelasticity. The model consists of one elastic 
spring (E) and a viscous dashpot (η). Stress (σ) is applied to the model at both ends. 
 
The Maxwell model consists of an elastic spring and a Newtonian dashpot 
connected in series. The spring can be treated as the result of the elastic response, 
while the dashpot represents the viscous response. In a series connection such as 
this, the stress of each element should be equivalent to each other as well as to the 
external stress (σ), while the total strain (ε) of the element is the sum of the strain 
in each element as 
 
E      (2.1) 
 ,
E      (2.2) 
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in which the subscripts E and η denotes the elastic spring and the viscous dashpot. 
After some mathematical manipulations, it is straightforward to derive the 
constitutive equation for the Maxwell material as  
 
E
E  

   (2.3) 
where E is the modulus of the elastic string, η is termed the viscosity of the dashpot 
and the dot on each term stands for the time derivative of the term. It is also 
convenient to define a term named the relaxation time, τ, as  
 .
E

   (2.4) 
However, if a constant stress is prescribed to the Maxwell model, which 
indicates a zero stress rate boundary condition as  ̇   , Eq. (2.3) now becomes as 
 ,



  (2.5) 
which suggests a constant strain rate. This phenomenon is unrealistic because it 
predicts a material with infinite distensity (ability of distension). This shows the 
incapability of the Maxwell model in handling constant stress problems.   
2.2.2.2 Kelvin-Voigt Model 
The Kelvin-Voigt model, sometimes referred to as the KV model, is another 
popular yet simplified viscoelastic model [55–58], as shown in Figure 7.  
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Figure 7. The Kelvin-Voigt model for viscoelasticity. The model consists of one 
elastic spring (k) and a viscous dashpot (H). Stress (σ) is applied to the model at 
both ends. The symbols for the spring and dashpot are denoted with different 
symbols from the Maxwell model for disambiguation. 
 
Instead of connecting the two components in series, as treated in the Maxwell 
model, the Kelvin-Voigt model combines the elastic spring and the viscous dashpot 
in parallel. As a result of such a configuration, the total stress (σ) of the element is 
the sum of the individual stress in each element while the strain of each element 
should be equivalent to each other as well as to the total strain (ε) as 
 
k H
     (2.6) 
 ,
k H
     (2.7) 
in which the subscripts k and H here again represent the elastic spring and the 
viscous dashpot, respectively. The constitutive equation for the Maxwell material 
can be derived as  
 H k     (2.8) 
where k is the modulus of the elastic spring, and H is the viscosity of the dashpot.  
Likewise, a relaxation time, τ, and also be defined for this model as 
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 .
H
k
   (2.9) 
Compared to the Maxwell model, the KV model is not capable of handling 
constant strain problems. If the strain rate is set to zero, Eq. (2.8) is reduced to an 
equation as 
 ,k   (2.10) 
which characterizes a purely elastic material response and loses its property as a  
viscoelastic model. 
There is also another model built upon the Kelvin-Voigt model. It is named 
the Kelvin-Voigt Fractional Derivative Model (KVFD) because it introduces a 
derivative of real order, the so called fractional derivative, into the relation between 
stress and strain in the viscous element [59].   
2.2.2.3 Standard Linear Solid (SLS) Model 
The two models introduced before are the most simplified models for 
viscoelasticity. The Standard Linear Solid (SLS) model is relatively complicated, 
while the more general model consists of three, instead of two, components (Figure 
8) [60–62].  
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Figure 8. The Maxwell form of the Standard linear solid (SLS) model for viscoelastic 
tissue material. The model consists of one traditional Maxwell model and one elastic 
spring.  
 
As shown in the Maxwell-form model, a spring (E1) and a dashpot (η1) are 
connected in series, which is called the “Maxwell arm” because of its similarity with 
the Maxwell model. This arm is then connected with another spring (E0) in parallel. 
E0 is commonly referred to as the long-term modulus while E1 is referred to as the 
short-term modulus or instantaneous modulus. The dashpot component, η1, defines 
the viscosity of the Maxwell arm model. Similarly, the basic equations for strain 
and stress can be easily derived as  
 
1 10 0E 
         (2.11) 
 
1 1 0
.
E       (2.12) 
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However, due to the mathematical complexity of the model, a constitute 
equation is difficult to define, the derivation procedure of the constitutive equation 
for a SLS model is introduced in Chapter 4.2.2.  
It is also worthy to mention here that the configuration of the SLS model as 
shown in Figure 8 is not the only way of constructing this model. Another form of 
the SLS model can be built by connecting an elastic spring with a traditional 
Kelvin-Voigt model in series. Because of their different basic constructing element, 
the SLS model in Figure 8 is sometimes referred to as the Maxwell form of the SLS 
model, while the latter as the Kelvin-Voigt form of the SLS model [51]. The two 
forms have different constitutive equations, but can be interchanged with the help 
of some mathematical manipulations, details of such mathematical relations can be 
found in Chapter 3.1.2.  
Unlike the Maxwell model or the KV model described before, the SLS model 
is mathematically robust, without any violation to the viscoelasticity properties. 
However, the SLS model cannot precisely characterize the response of soft tissue in 
reality, because only one Maxwell arm exists in the SLS model which cannot fully 
quantify the real time-dependency of the soft tissue.  
2.2.2.4 The Wiechert Model   
To model the real behavior of soft tissue under stimulation, more Maxwell 
arms are needed to provide more dashpots to characterize viscous effects and thus 
provide a spectrum of relaxation times, instead of a single one. The Wiechert model 
illustrated in Figure 9 can have as many Maxwell arms as needed to approximate 
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the real response of tissue [63]. Although a good model for accurately characterizing 
accurate tissue response, the biggest challenges associated with the Wiechert model 
is its complexity during mathematical manipulations.  
 
Figure 9. The Wiechert model. The model consists of one elastic spring and as many 
traditional Maxwell arms as needed. These components are then connected in 
parallel. 
 
2.2.2.5 Stress Relaxation and Strain Creep  
Mechanical characterization of viscoelastic materials is different from the 
traditional uniaxial tensile or compression test for an elastic material. The testing 
procedures are modified so as to facilitate the observation of the time-dependency of 
the material response. Two of the most common tests to measure viscoelasticity are 
the strain creep [64–66] and the stress relaxation tests [67,68]. 
The strain creep test applies a step change of stress to the material and then 
ensures the value of the stress stays at this value for a given amount of time, while 
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the change of strain of the tissue is measured through time. The stress relaxation 
test is similar to the strain creep test, but instead of holding the stress, the strain 
(deformation) of the material is fixed while the change of stress with time is 
measured. The representative curves for a strain creep test and stress relaxation 
test are shown in Figure 10 [51]. 
 
Figure 10. Typical curve for a (a) stress relaxation test, and a (b) strain creep test on 
viscoelastic material.  
 
2.2.2.6 Model Selection 
As often reported in the literature, the Maxwell model is incapable of 
explaining the strain creep of viscoelastic material while the Kelvin-Voigt model 
cannot describe stress relaxation. The lack of such a basic function of the two 
models have led to the impossibility of using them for quantitative research, 
because the exact physical values of the components used to construct the two 
models cannot be quantified through experimental work. The SLS model with three 
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elemental components, on the other hand, is the simplest of the spring-dashpot 
combination models that has both a creep and stress relaxation response which 
resembles soft tissue [69]. Since the SLS model maintains a relatively good balance 
between model generality and mathematical simplicity, it is currently the most 
popular model in the field of viscoelasticity modeling [51,60–62]. However, recent 
research comparing the SLS model-based analytical results with associated 
experimental data of soft tissues have shown that the SLS model performs poorly, 
judged by its inaccuracy in matching the experimental data [49,70–73]. As a result, 
researchers have migrated their interest to using the more complicated Wiechert 
model [71–73]. The Wiechert model, which sometimes is considered a generalized 
form of the SLS model, improves upon the original SLS model by including 
additional Maxwell arms (a serial combination of one spring and one dashpot) to 
achieve a better experimental data matching performance. With the increasing 
number of the Maxwell arms, this model better describes the actual tissue response, 
but at the cost of greatly increased complexity in mathematics with each addition 
[74]. Also, the reasoning for the selection of a specific number of arms in this 
Wiechert model is lacking [70,72,73].  
Ultimately, as a proper choice for modeling soft tissue, a viscoelastic model 
should be able to precisely predict actual tissue response while maintaining 
mathematical simplicity and physical compatibility. The number of these elemental 
components in the model should be as limited as possible, to help maintain this 
simplicity. 
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2.2.3 Material Properties Determination 
Once a viscoelastic model is selected based on its mathematical simplicity 
and physical compatibility, a material mechanical test is needed to provide 
experimental data used to fit the model. Several mechanical testing methods have 
been developed for soft tissue characterization, categorized as non-invasive or 
invasive procedures, in vivo or in vitro procedures, and compression, shearing or 
indentation procedures [71,72]. Among these different methods, the in vitro 
indentation test is chosen because of its relative simplicity in application, ease of 
recording consistent data values, and popularity among researchers. For a proper 
indentation test, several factors should be considered before performing the test. 
The geometry of the indentation tip and its size relative to the test material are 
especially important [75]. In addition, recent research also shows the velocity of the 
indentation also plays a non-negligible effect on the tissue viscoelastic response 
[76]. The indentation procedure used in this work was established after considering 
these aspects. 
2.2.4 Soft Tissue Representative 
In this work, liver is chosen as a representative for the soft tissues and 
modeled with the viscoelastic model. The liver is the largest internal organ in the 
human body, contributing about two percent of the total body weight (1.5 kg in 
average adult human) [77], and our surgical robots working in the abdominal cavity 
spend a significant amount of operational time close to or on the liver.  
As a vital organ playing an important role in metabolism, the liver has a 
complex vascular structure, among which the central vein distribution (Figure 11 
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left) is of great interest because its close relation to liver architecture [78]. 
Histologically, the basic functional unit of the liver, lobule, is formed with its center 
on this central vein [79], as shown in Figure 11 (right).  
 
Figure 11. Central vein distribution within the human liver [78] (left). The liver 
lobules are centered on each branch of the central vein (right) [80]. The unorganized 
distribution of the central vein results in a macroscopically isotropic properties of 
the liver.  
 
The lobule appears as polyhedron (usually pentagonal or hexagonal) in a 
section view (Figure 12) [79]. Portal tracks including portal veins, hepatic arteries 
and bile ducts consist of a basic structural unit named Portal Triad, and these 
triads locate at the corners of adjacent lobules. The lobule consists of different types 
of cells, blood supply ducts and substructures. For a more detailed description of 
these sublevel units and their basic functions please refer to [77]. A modified figure 
showing the lobule structure is shown in Figure 13 for reference. 
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Figure 12. A diagram of the lobular models of the liver (left) and a histology image 
of the lobule (right, [81]). The lobules are centered on central veins, with portal 
triads at each corner.  
 
 
Figure 13. Basic architecture of a liver lobule in cut-way format (modified from 
[77]). The detailed description of each labeled part in this figure can be found in 
[77]. 
 
In general, the lobule itself is a microscopically anisotropic structure (Figure 
12, right). Nevertheless, since the central veins are organized in a way that their 
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vessels (thus the lobules) extend in multiple directions which provides an overall 
more isotropic structure[82–85], we therefore believe that it is an acceptable 
treatment to model the liver with an isotropic mathematical model. However, for 
our preliminary research, it is impractical to use human liver as testing subject, and 
the porcine liver is used instead.  
Porcine liver is generally considered a good experimental model for surgical 
simulation because of its similarities to human liver, both in size and morphology 
[86–88]. In addition, the comparable size to human of the domestic swine allows for 
a wider application in surgical procedures than that of many small animals. 
Moreover, pigs are readily available, relatively inexpensive and generally robust for 
use as a surgical model [86]. It is also reported that porcine liver is different from 
the human liver. In additional to the usual dual blood supply consists of hepatic 
arterial and portal venous component like human liver, there is also a hepatic 
venous blood components within the interconnecting lobular sinusoidal anatomy 
[85]. However, this difference will not affect the macroscopic material behavior due 
to the smaller size of these blood supplies compared to the bulk of liver [83,89]. Also, 
the region with massive blood supplies was intentionally avoided from resection 
during our preparation of testing samples. (A photo of the liver sample is shown in 
Figure 20). 
2.3 Wheel-Tissue Interaction 
Because of those aspects discussed before, the wheel-tissue interaction can be 
best characterized as a rolling contact problem between a rigid wheel and a 
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viscoelastic substrate. Rolling contact problems involving viscoelasticity have drawn 
researchers’ attention as early as the 1950s [90] with the development of the 
polymer industry. Several analytical or semi-analytical approaches have addressed 
this problem. A popular analytical solution procedure is introduced by Johnson in 
his well-known Contact Mechanics textbook [91]. His one-dimensional treatment of 
the viscoelastic foundation is widely accepted because it greatly reduces the 
complexity of calculation [92–94]. However, one drawback of this model is the 
oversimplification of the geometry of the interaction area, by assuming undeformed 
geometry in front of the wheel, which is contrary to actual experimental observation 
[8]. Another concern is that the frictional effect is not considered in this method. 
The exclusion of frictional force is a fair assumption and has been adopted by other 
analytical methods [95,96], because previous research has shown that the tissue-
tread friction has negligible effect on the determination of the deformed geometry of 
the substrate [91]. However, the friction plays an important role in balancing the 
driving torque of the wheel [97–100], thus its contribution cannot be ignored for a 
study associated with driving torque analysis, which is one crucial factor to be 
considered for wheel mobility evaluation. Another popular analytical model was 
proposed by Alblas et al. [101] in 1970s. In this model, the deformation of the 
substrate in front of the wheel is treated as bulging. This model has been adopted 
by several researchers [102], but it might not be a good choice for soft tissue since 
such bulging has not been observed in our experiments yet. In 1961, Hunter was 
able to give a full analytical solution for the rolling contact of a rigid cylinder on a 
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viscoelastic half-space in his work [74]. The deformed geometry of the substrate is 
well derived and the friction effect is also analyzed. However, the friction in his 
work is taken to be purely derived from the normal force to the unsymmetrical 
surface of the deformed substrate, and the tangential interaction between the 
substrate and wheel, which is another important friction source, is ignored. To date, 
the three analytical methods described before [74,91,101] are the three most 
renowned analytical models used for wheel-viscoelastic substrate interaction. The 
differences between these three models can be easily represented by their results of 
the deformation of the substrate, as shown in Figure 14. More details regarding the 
differences among the models are listed in Table 1. 
  
Figure 14. The comparison of the deformed geometry of the substrate tissue for 
three analytical approaches presented by (a) Johnson [91], (b) Alblas et al. [101] and 
(c) Hunter [74]. The different treatments of models result in different deformation 
profiles after contact. Johnson assumes an undeformed surface in front of the wheel 
while Alblas assumes a bulging surface. No assumption regarding substrate 
deformation is made by Hunter, but is solved during analysis. Note the wheels are 
moving toward the right direction with the same velocity. 
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Table 1. The comparison of three original approaches. The acronym DMW stands for 
Double Maxwell-arm Wiechert viscoelastic model which will be introduced in 
Section 3.1.2.2. 
Approach Hunter Alblas Johnson 
Date 1961 1970 1982 
Deformation Full logarithmic Bulging front Flat front 
Thickness Infinite Infinite Finite 
Substrate Continuous Continuous Parallel element 
SLS to DMW Not expandable Not expandable Expandable 
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CHAPTER 3  
MODEL SELECTION AND 
MATERIAL TEST 
 With the purpose of modeling the interaction between the rolling wheel and 
soft tissue substrate, it is critical to have accurate material models for the wheel 
and tissue substrate themselves. As mentioned in the Section 2.2.2, a viscoelastic 
model is considered the best candidate for both the PDMS covered wheel and soft 
tissue interaction due to its popularity among researchers [103–106]. The selection 
of proper viscoelastic substrate tissue models becomes critical, because it directly 
affects the interaction model developed. With the substrate constitutive model 
selected, the actual values of each model parameter will also be needed. These 
values are necessary for Finite Element Analysis (FEA) used to validate the 
developed model during simulation, as well as to give realistic prediction of actual 
wheel-tissue interaction based on the developed analytical model. In this chapter, a 
substrate constitutive model selection process is introduced first, followed by the 
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determination of model parameter values from material test data for both the 
PDMS and soft tissue (porcine liver and spleen).   
3.1 Material Model Selection 
A proper biological tissue-specific viscoelastic model used for soft tissue needs 
to satisfy the following three conditions: 
1) Mathematical Simplicity.     The constitutive equation for this model 
cannot be too complex to use in analytical modeling, thus the more simple, 
the better; 
2) Physical Compatibility.     The derived model should be able to 
characterize all realistic loading conditions without mathematical error; 
3) Experimental Performance.     The analytical solution based on this model 
should match the experimental data with an R2>0.95 (coefficient of 
determination). 
In this section, the selection of a biological tissue-specific model went through 
a systematic mathematical process. Starting from a basic SLS model, additional 
elemental components were added to form new models. This systematic addition to 
the SLS model ensures the mathematical simplicity and physical compatibility of 
the conceived model, while the experimental performance of the model is later 
verified with an indentation test.  
3.1.1 Methods  
The Standard Linear Solid (SLS) model, as shown in Figure 15 (both forms), 
is currently the most widely used mathematical model for viscoelastic material 
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modeling [60–62]. The two existing forms of the SLS model are mathematically 
equivalent, and the Maxwell form SLS model was selected as an example to 
proceed. 
 
Figure 15. An SLS model for viscoelastic material. This left configuration is referred 
to as the “Maxwell form of the SLS model”. Another form (right), namely the “Voigt 
form of the SLS model” is also widely used. With the conversion equations provided, 
the Voigt form and the Maxwell form are equivalent and interchangeable. The only 
differences exist in their mathematical expressions. The terms E0, E1, k0 and k1 are 
elastic moduli of associated linear springs and η1 and H1 are the viscosities of the 
linear dashpot. 
 
In the Maxwell form SLS model, a linear spring (E1) and a linear dashpot (η1) 
are connected in series, which is generally referred to as a “Maxwell arm”, and this 
arm is then connected with another linear spring (E0) in parallel. For the Maxwell 
arm, it is often convenient to define a “relaxation time”, τ1, and it is related to the 
short-term modulus, E1, and viscosity of the dashpot, η1, as 
 1
1
1
.
E

   (3.1) 
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Using the Maxwell form SLS model as a starting point, a number of 
elemental components and their combinations were systematically added and then 
evaluated.  To maintain mathematic simplicity, and consistency with existing 
research [52–55,57,59–63,107], only linear springs (Ex) and linear dashpots (ηx) 
were considered as the candidates for addition. After this process, one modified 
model is selected based on its mathematical simplicity and physical compatibility. 
3.1.2 Results and Discussion  
The two elemental components (linear dashpot and linear spring) were added 
to the SLS model to form new models. There are only four possible locations (I-IV) 
that can be used for component additions to the SLS model, as shown in Figure 16. 
 
Figure 16. An SLS model with all possible locations for component addition. Only 
linear dashpots, ηx, and linear springs, Ex, were added to the available locations for 
model modification, regardless of their combinations. 
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3.1.2.1 One Elemental Component Addition 
As a first step, only one elemental component was added to the SLS model. In 
this case, with either the linear spring or linear dashpot as the candidate, the 
elemental component was systematically placed into each location (I-IV).  
With an extra linear spring (Ex) as the elemental component, a total of four 
possible new configurations of modified models can be constructed. However, 
placing the extra spring in any of the four locations in the original SLS model would 
only change the numerical value of associated moduli, without introducing 
fundamental mathematical or physical changes to the original SLS model. Thus, 
adding an extra spring to the original SLS model would only yield another SLS 
model with different moduli values.  
However, situations with one additional linear dashpot (ηx) were slightly 
different.  Adding the dashpot to location II changed the original SLS model to 
another SLS model with different viscosity, while adding a dashpot to the other 
three locations made the model physically incompatible. For these three latter 
cases, a simple quantitative analysis is given without elaborating the mathematics.  
A summary of the one elemental component additions is shown in Table 2. As 
a result, the one elemental component addition is not an eligible option to improve 
the SLS model, because such operation would either deduce a new form of SLS 
model, or a model that is physically incompatible. 
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Table 2. One elemental component addition results*.  
Component Location I Location II Location III Location IV 
Spring 
(Ex) 
 
 
0
0
0
1 1
1 1
Equivalent to
an SLS model 
with
'
'
' .
x
x
E E
E
E E
E E
 




 
0 0
1
1
1
1 1
Equivalent to an 
SLS model with
'
'
' .
x
x
E E
E E
E
E E
 




 
0 0
1 1
1 1
Equivalent to an
SLS model with
'
'
' .
x
E E E
E E
 
 


 
2 2
0 0 1 0
0
0 0 1
2
1
1
0 0 1
1
1
0 1 1 0 1
Equivalent to an SLS model with
'
( )( )
'
( )( )
' .
( ) / ( )
x x x
x x
x
x x
x x
E E E E E E E
E
E E E E E
E E
E
E E E E E
E E E E E E E


 

  

  

  
 
Dashpot 
(ηx) 
 
 
1 2
1 1 1
1
Physically Incompatible.
Note , 
while   
and .
Since at quasi-static state,
0 and 0, 
then 0 0 0.
The model cannot sustain
any long-term load.
x
total
x x
x
total
 


  
  
  
 

 


 
  
 
0 0
1 1
1
1
1
Equivalent to an
SLS model with
'
'
' .x
x
E E
E E
 

 




 
/ 1
0 1
Physically Incompatible.
Under a stress relaxaiton 
process, 0,  
the relaxation modulus 
becomes
( ) * ( )
* ( ) is a Dirac Delta function.
No significant difference 
from an SLS model for 
t
x
E t E E e t
t
t


 



  
0.
 
2
Physically Incompatible.
,  and 
since at steady or 
quasi-static state,  
0, then 0.
The model cannot sustain 
any long-term load.
x xtotal x x
x total
 

    
  
 
  
 
*Here, E0’, E1’, and η1’ are the modified components of an SLS model that is mathematically equivalent to 
the original SLS model.
 
 
3.1.2.2 Two Elemental Components Addition 
Two elemental components addition is the next model modification option 
analyzed. Considering the four available locations and different combinations of the 
two elemental components, there are 48 different possible configurations available, 
which can be allocated into four different categories. 
As shown in Table 3, it is found that the majority (40 configurations from 
category 1 and 2) of the 48 possible configurations were unable to meet the 
requirements for an improved model. The reason for this is that by proper 
manipulation, all the configurations from these two categories can be reduced to the 
configuration analyzed in the one elemental component addition section.  
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Table 3. Two elemental components addition results. 
Category 1 2 3 4 
Element 
Component 
  
 
 
Location 
Occupation 
one of the four locations two of the 
four locations 
one of the four 
locations 
one of the four 
locations 
No. of 
Configurations 
16 24 4 4 
Model 
Effect 
Not suitable for the task. 
Can be reduced to one 
component. 
Effectively one elemental 
component addition. 
Not suitable 
for the task. 
Effectively 
two 
successive 
one 
elemental 
component 
additions. 
In location I or 
II: Effectively one 
elemental 
component 
addition, gives 
another SLS 
model. 
In location IV: 
Physically 
Incompatible. 
In location III: One 
form of the five-
element model. 
In location 
III: Effectively 
one elemental 
component 
addition. 
In other 
locations: 
Three different 
forms of the 
same five-
element model. 
 
However, the situations regarding categories 3 and 4 are different. For an 
elemental component from category 3, only by placing it in location III does is give a 
new form of the viscoelastic model, while the other three configurations could be 
either reduced to an SLS model (location I and II), or determined as a physically 
incompatible model (location IV), in which the extra dashpot is in series with all the 
other components and cannot sustain long-term load. On the contrary, for an 
elemental component from category 4, placing the component in all locations other 
than location III gives new forms of the viscoelastic model. 
As a result, four different configurations of the new viscoelastic model are 
derived with two elemental component additions, all of which have five total 
elemental components in their configurations. Further analysis reveals, considering 
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the two forms of the SLS model, that all of the four newly developed configurations 
were actually mathematically equivalent [107]. For example, placing a category-4 
elemental component in location I could be converted to a configuration with a 
category-3 elemental component placed in location III, as shown in Figure 17.  
 
Figure 17. Conversion between two equivalent forms of the five-element viscoelastic 
model. The configurations indicated in the dashed square box are essentially the 
two interchangeable forms of the SLS model. 
 
In summary, the next suitable model, other than the SLS model, that 
satisfies the first two requirements are four five-element viscoelastic models. These 
models, although having several different configurations, belong to the same five-
element model family and are mathematically equivalent. As a result, any one 
model from this family can be selected as a representative to check the third 
requirement (experimental performance).  
It is worth mentioning here that, one of the five-element family models 
(Figure 17, right) is the de facto Double Maxwell-arm Wiechert model (DMW model 
in Figure 18, left). However, the Wiechert model, which is developed with the sole 
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purpose of including more relaxation terms into the model, doesn’t consider 
mathematical simplicity or physical compatibility [51,63]. The procedure presented 
above has confirmed the mathematical validity of this Wiechert model, and also 
proved that it possesses the most simplicity in mathematics other than the SLS 
model. In addition, using the procedure described in Section 3.1.1, the next higher 
order model option is predicted as a seven-element model family, which consists of a 
Triple Maxwell-arm Wiechert model (TMW model in Figure 18, right) and its 
several other congruent forms.  
 
Figure 18. The DMW five-element viscoelastic model (left) and the TMW seven-
element viscoelastic model (right). Either model belongs to a model family that has 
various congruent models with different component configurations. For a stress 
relaxation associated problem, the DMW and TMW models have the advantage of 
mathematical simplicity. 
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3.2 Material Test 
After the selection of a proper model based on the first two requirements, in 
vitro indentation tests were performed on two different soft tissues (porcine liver 
and spleen) to collect experimental data for experimental performance evaluation of 
the DMW model. The SLS model and TMW model were also analyzed for 
comparison. This indentation test, associated with the curve fitting process from 
analytical equations, is also able to provide the model parameter values for the 
three models. 
3.2.1 Methods 
3.2.1.1 Indentation Test Procedure 
All indentation tests in this research were performed with an MTS Insight 2 
Electromechanical Testing Systems (MTS System Corporation, MN). A load cell 
(MTS System Corporation, MN, PN LCCA-118-75) with a maximum capacity of 2 N 
and resolution of 0.001 N was used to measure the load, and all the data were 
collected and analyzed later with a customized program developed in MATLAB 
(MathWorks, MA).  The MTS testing system with a porcine liver sample as the test 
material is shown in Figure 19. An axisymmetric, flat-ended cylindrical indentation 
tip, with 5 mm diameter, was used to indent the test material.   
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Figure 19. MTS Insight 2 Electromechanical Testing System with a fresh porcine 
liver as the test material (left). The cylindrical indentation tip has a diameter of 5 
mm, and is flat-ended (right). 
 
The test material was fixed to the supporting flat plate with double-sided 
tape, and was at rest under this constraint for 15 minutes before the indentation 
test. Prior to each single trial, the indentation tip was manually controlled to move 
towards the top surface of the test material, until a clearance of about 1 mm was 
reached between the tip and the tissue surface. Then the movement of the tip was 
controlled by the customized testing algorithm to move at a velocity of 0.1 mm/s to 
form an initial contact between the tip and the test material. The initial contact was 
considered formed when the load cell detected a load change of 0.001 N (the 
resolution of the load cell).  
Once in initial contact, the control algorithm then drove the tip to indent a 
given depth (d = 3 mm) into the test material at a relatively high velocity (V = 1 
mm/s), to better simulate the theoretical step change of the indentation depth. After 
reaching the prescribed depth, the position of the indentation tip was fixed at this 
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value for a given amount of time (t = 300 s) to start the stress relaxation process. 
Meanwhile the load cell and software measured and recorded the load and time 
simultaneously at 25 Hz. After this relaxation process was complete, the 
indentation tip was automatically moved back to its initial position where no visual 
contact existed between the tip and the test material. The system stayed at this 
configuration for another 5 minutes, waiting for the test material to stabilize, and 
then another trial was conducted following the procedure above. 
3.2.1.2 Test Material Preparation 
Two different biological tissues were selected as the test materials and 
underwent the same indentation test procedure. The purpose was to inspect the 
possibility of using the DMW model as a general choice for modeling different 
tissues.  
The first test material was a fresh porcine liver sample harvested from a 
female pig (8-12 months old, 120-130 lbs.) at the University of Colorado Anschutz 
Medical Campus (Aurora, CO). Within minutes of euthanization, a large portion of 
the liver tissue was removed, and stored in Phosphate Buffered Saline (PBS) at 3 °C 
before testing. This piece of liver tissue was later cut into a roughly square-shaped 
sample with side length being 40 mm and thickness being 13 mm for the 
indentation test, as shown in Figure 20. Four points from the top surface, which 
formed a square with its center coincided with the sample center, were selected to 
be the sample points for indentation. The indentation tests were performed in the 
order of A-B-C-D, with five trials at each point. 
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Figure 20. The geometry of the porcine liver sample and relative position of the four 
testing sample points. The four sample points form a square centered at the center 
of the sample. The side lengths of the square are 10 mm.  
 
The second test material was a fresh porcine spleen, which was removed from 
another euthanized female pig (8-12 months old, 120-130 lbs.) from the University 
of Colorado Anschutz Medical Campus, and tested within 12 hours. The sample was 
cut into a 40 mm by 20 mm square piece with 13 mm thickness. The same testing 
configuration and procedure from the porcine liver test were adopted to run the test. 
However, due to the smaller size of the spleen sample compared to the liver, only 
three sample points at a mid-line along the 40 mm length direction were tested. The 
indentation was performed in the order of a-b-c for the spleen, with five trials at 
each sample point.  
Neither testing materials was submerged in PBS solution during the test to 
avoid disturbances from fluid buoyance and viscosity. Instead, the hydration of the 
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test material was maintained by spraying PBS solution onto the testing samples 
between every two consecutive indentation trials.  
In addition, the same indentation test was also performed on the same PDMS 
sample used to fabricate the PDMS pattern. Three sample points (numbered P1 
through P3) were tested. The derived data was fitted with both the SLS model and 
the DMW model. The parameters values determined were not used for actual 
modeling, but serve the purpose of justifying the treatment of PDMS material as 
rigid.  
3.2.1.3 Theoretical Model for Indentation Test 
With proper models selected, analytical equations that can mathematically 
characterize the tissue indentation test were needed for experimental performance 
evaluation. In this section, these equations were derived based on the viscoelastic 
correspondence principle. 
The viscoelastic correspondence principle [51,103] states that, for certain 
viscoelastic problems, it is possible to derive an analytical solution by linking it to 
its correspondent elastic problem to simplify the mathematics. One critical 
condition that the original viscoelastic problem needs to satisfy is that the spatial 
distribution of the boundary and body-force conditions is unchanged upon Laplace 
transformation. Since neither the boundary or body-force conditions of the problem 
studied in this indentation problem has dependency on time, these conditions are 
maintained under the Laplace transformation, and this principle can be applied. It 
is also worth mentioning here that it is the flat-ended shape of the indentation tip 
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used in the experimental setup that has excluded the time dependency of the 
boundary condition. Some spherical-end shape tips used cannot exclude this since 
the contact area between the tip and the test material will change with time, but 
with some additional mathematical treatment, the correspondence principle can 
still be applied [104,108].  
The corresponding elastic problem of the viscoelastic case studied here can be 
described as an indentation problem between a flat-ended rigid cylindrical tip and a 
purely elastic test material with limited thickness. The analytical equation 
describing the total normal load, F, needed to indent to a depth of d on a half-space 
(infinite large) elastic test material, has already been determined [109] as 
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 (3.2) 
where R is the radius of the indentation tip, E and ν are the elastic modulus and 
Poisson’s ratio of the half space, respectively, and d is the indentation depth (as 
shown in Figure 19 (right)).  
In this problem, the test materials (porcine liver and spleen) are assumed to 
be incompressible, which is not an unduly restrictive assumption since most living 
tissues can be considered as incompressible material under normal loads. So the 
Poisson’s ratio, ν, is treated as a constant value of 0.5. In addition, since the 
thickness, h, of the test material in this problem is not large enough to be 
considered as a half-space, compared to the indentation depth (h = 13 mm, d = 3 
mm), Eq. (3.2) needs to be modified to reflect this limited thickness using the model 
from [110,111]. This model is presented here as 
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Applying the Laplace transformation to Eq. (3.3) and denoting the 
transformed functions with an overline, then the load, F, can be expressed in the 
space-domain as 
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where s is the basic variable in space-domain after the transform. Since a step 
change of the indentation depth is assumed here, the indentation depth, d(t), is 
actually expressed as 
 ( ) ( ),d t d u t   (3.6) 
where d is the constant indentation depth value and u(t) is a Heaviside function 
defined as  
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Therefore, the expression of d(t) in the space domain is  
 ( ) .
d
d s
s
  (3.8) 
Substituting Eq. (3.8) and replacing the elastic term Ē(s) with its viscoelastic 
analog, Ēv (s), Eq. (3.5) becomes 
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The term Ēv (s) is different for different viscoelastic models, and will be derived for 
each specific viscoelastic model when needed. 
Applying inverse Laplace transformation to Eq. (3.9), the equation expressing 
the indentation load, F, in terms of viscoelastic material property parameters in the 
time domain is derived as 
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where Ev(t) is the expression of Ēv (s)/s in the time domain. In association with the 
experimental data from the indentation test, this equation will be used to fit the 
data to determine the exact value for all the parameters in the expression of Ev(t). 
3.2.1.4 Curve Fitting with Model 
 A customized MATLAB program was developed to fit equation (3.10) to the 
stress relaxation (load-time) curve formed with the experimental data, using the 
least squares method as the fitting algorithm. This whole process was applied to 
both testing material, and the goodness of fit was evaluated in terms of the 
coefficient of determination (R2). 
3.2.2 Results and Discussion 
3.2.2.1 Curve Fitting with Viscoelastic Model for Liver 
The collected indentation tests data were processed to give a load-time curve 
for each single trial from each sample point. At every sample point, five trials were 
performed with the first four trials serving to precondition the sample and the last 
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one collected for further analysis. The original purpose of precondition was to 
achieve a stable and repeatable testing condition at the same point. Unfortunately, 
the stable testing condition couldn’t be reached without physically damaging the 
tissue. However, another important finding emerged: for each sample point tested, 
the first trial curve was always very different from the other four curves, while the 
first trial curves from all sample points for the same test material behaved similarly 
to each other, as shown in Figure 21.  
 
Figure 21. Load-time curves for the first indentation trials from all four sample 
points for porcine liver (note the difference in time axis scale, left: normal scale; 
right: logarithmic scale). These curves match closely, indicating the material 
response of the tissue is the same at all four sample points during first indention 
trials. 
 
This finding encourages a discussion regarding the necessity of 
preconditioning on liver-like tissue before gathering data. According to general 
opinions [70,112], the purpose of preconditioning for in vitro tests is to reproduce 
the in vivo environment that the tissue sample comes from, where it undergoes 
repetitive loading. This is true for tissues including arteries, small intestine, heart 
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and lung, but it may bring additional error to the tests on other tissues that are not 
repetitively load-bearing in vivo, such as liver and spleen. For these tissues, 
preconditioning can create a further deviation from the actual in vivo condition, or 
even damage the tissue. As a result, the preconditioning is not recommended for 
additional indentation tests in this study. Since repeatable trials on the same 
sample point could damage the tissue, it is more reasonable to conduct further 
analysis based on the first trial at each sample point only, as opposed to the 
inclusion of the additional four trial curves. 
With the proper testing curves selected, the next step is to fit the model to the 
curves. For all three models, the specific forms of term Ēv(s) in Eq. (3.9) were needed 
and derived as following. 
For the SLS model shown in Figure 15, term Ēv (s) in Eq. (3.9) is expressed as 
[51] 
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Substituting Eq. (3.11) into Eq. (3.9) and applying inverse Laplace transformation 
to Eq. (3.9), the correspondent Eq. (3.10) for SLS model is derived as  
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Similar equations with the form of Eq. (3.12) for the DMW and TMW models 
were also determined. Fortunately, because of the similarity in configurations 
between the SLS model and the two models, the procedure of deriving Eq. (3.12) can 
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be followed. This is a principle reason of choosing this Wiechert-like form models 
over their congruent configurations for stress relaxation indentation tests. 
With the DMW model, Eq. (3.12) is modified to 
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where  
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is the relaxation time of the second Maxwell arm, and E2 is the modulus. For the 
TMW model, a similar equation is derived as 
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is the relaxation time of the third Maxwell arm, and E3 is the modulus. 
Equations (3.12), (3.13) and (3.15) were fitted to the experimental curves 
shown in Figure 21. The fittings performed with a custom MATLAB program for 
point D (labeled in Figure 20) with all the three models are shown as an example in 
Figure 22.  
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Figure 22. The curve fitting of the first trial curve at point D (Figure 20) with the 
SLS model, the DMW model and the TMW model for porcine liver. Time axis in 
normal scale (left), logarithmic scale (right). The R2 value for point D is improved 
from 0.699 to 0.990 with the DMW model, and to 0.999 with the TMW model, while 
the average R2 value improved from 0.731 to 0.991 and 0.999 with DMW model and 
TMW model for all sample points. 
 
As shown in Figure 22, the fitting with the SLS model was poor as the 
coefficient of determination (R2) is only 0.699. This phenomenon is not unique. In 
fact, although an acceptable mathematical description for viscoelastic materials in 
polymer research, the SLS model has already shown its incapability in precisely 
capturing the properties of biological tissue [49,70–73]. On the contrary, significant 
improvement of the fitting is observed with the DMW model. For this specific data 
curve (point D), the value of R2 in the fitting is increased from 0.699 to 0.990, an 
increase of more than 30%. An average of 0.991 for R2 value was observed after 
fitting the DMW model to the experimental data from all four sample points, with a 
35.57% increase from that of the SLS model, which has an average value of 0.731 
for R2. This average R2 value can be further increased to 0.999 with the TMW model, 
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with an increase of 0.81% over the DMW model. However, this limited improvement 
of R2 value with the TMW model was achieved at the cost of introducing another 
two independent parameters, which will cause significantly increased difficulties in 
mathematical manipulation than that of the DMW model. 
With the DMW, the SLS models and curve fitting approach, the material 
model parameters for this porcine liver can be determined from the data collected at 
the four sample points, as shown in Table 4.  
Table 4. Parameter values of the DMW model and SLS model for porcine liver. 
Point 
DMW SLS 
E0 (kPa) E1 (kPa) E2 (kPa) η1 (kPa∙s) η2 (kPa∙s) E0 (kPa) E1 (kPa) η1 (kPa∙s) 
A 3.62 8.19 5.70 21.71 412.94 4.47 14.05 2.56 
B 3.50 7.48 5.55 24.47 414.89 4.31 12.22 2.56 
C 3.72 7.20 5.42 21.58 393.36 4.48 11.87 2.38 
D 3.28 8.08 5.79 19.48 422.05 4.14 13.01 2.57 
Mean 3.53 7.74 5.62 21.81 410.81 4.35 12.54 2.52 
Std. Error 0.10 0.24 0.08 1.02 6.14 0.08 0.29 0.05 
 
3.2.2.2 Curve Fitting with Viscoelastic Model for Spleen 
The curve fitting with viscoelastic model for the spleen was used to further 
verify the effectiveness of the DMW model. The same analysis procedure was 
followed from that of the porcine liver. Only the first data curves of each sample 
point were collected to be fit with the analytical model. These curves were fitted 
with Eqs. (3.12), (3.13) and (3.15) for the SLS, the DMW and the TMW models, 
separately (terms Ω in all three equations were updated with the geometry of the 
spleen sample using Eq. (3.4) ). A comparison of the fittings with the three models 
to the same experimental curve (point c) is shown in Figure 23, and a significant 
improvement of the fitting is also observed. In general, the average value of R2 is 
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increased from 0.720 to 0.981 with the DMW model (36.25% increase), when data 
from all three points is examined. The limited improvement of the TMW model is 
also present with the average R2 value improved to 0.991 (1.02% increase over the 
DMW model).The material model parameters for the DMW model fitted from the 
three trials were listed in Table 5. 
 
Figure 23. The curve fitting of the first trial curve at point c with the SLS model, 
the DMW model and the TMW model for porcine spleen. Time axis in normal scale 
(left), logarithmic scale (right). The R2 value at point c is improved from 0.731 to 
0.991 with the DMW model, and to 0.996 with the TMW model, while the average 
R2 value is improved from 0.720 to 0.981 and 0.991 with DMW model and TMW 
model for all sample points. 
 
Table 5. Parameter values of the DMW model and SLS model for porcine spleen. 
Point 
DMW SLS 
E0 (kPa) E1 (kPa) E2 (kPa) η1 (kPa∙s) η2 (kPa∙s) E0 (kPa) E1 (kPa) η1 (kPa∙s) 
a 1.23 0.84 0.53 1.81 27.34 1.28 1.32 0.02 
b 1.24 1.05 0.66 2.66 41.55 1.32 1.62 0.03 
c 1.18 1.20 0.80 2.84 45.77 1.27 1.91 0.05 
Mean 1.22 1.03 0.66 2.44 38.22 1.29 1.62 0.03 
Std. Error 0.02 0.10 0.08 0.32 5.58 0.02 0.17 0.00 
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3.2.2.3 Curve Fitting with Viscoelastic Model for PDMS  
The curve fitting with viscoelastic model for the PDMS sample was used to 
roughly determine its modulus range to justify the rigid treatment. The same 
analysis procedure was followed from that of the porcine liver, and the results are 
listed in without detail description. 
Table 6. Parameter values of the DMW model and SLS model for PDMS sample. 
Point 
DMW SLS 
E0 
(MPa) 
E1 
(MPa) 
E2 
(MPa) 
η1 
(MPa∙s) 
η2 
(MPa∙s) 
E0 
(MPa) 
E1 
(MPa) 
η1 
(MPa∙s) 
P1 1.31 0.04 0.04 0.46 0.57 1.31 0.07 0.09 
P2 1.28 0.07 0.02 0.06 0.54 1.27 0.07 0.11 
P3 1.29 0.05 0.04 0.69 1.04 1.29 0.07 0.12 
Mean 1.29 0.05 0.03 0.41 0.71 1.29 0.07 0.11 
Std. Error 0.01 0.01 0.01 0.15 0.13 0.01 0.00 0.01 
 
As shown in Table 6, the average general modulus value (E0+E1 for SLS, and 
E0+E1+E2 for DMW) of PDMS is 1.3 MPa, which is about 100 times larger than the 
average modulus value of  porcine liver (10 kPa), and even larger (600 times) 
compared to that porcine spleen. As a result, it is reasonable to treat the PDMS 
patterned wheel as a rigid body during the analysis using soft tissue as the 
substrate material.  
3.3 Conclusion 
The research presented in this paper aimed at selecting a proper viscoelastic 
model for biological tissue by considering three requirements: mathematical 
simplicity, physical compatibility and experimental performance. Using a 
traditional Standard Linear Solid (SLS) model as a starting point, a five-element 
viscoelastic model family was chosen because of its simplicity in mathematics and 
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its good physical compatibility. Using one representative model, the Double 
Maxwell-Arm Wiechert (DMW) model, from this family, the effectiveness of 
matching experimental results of this model family was verified with a stress 
relaxation indentation test. With the data gathered from this stress relaxation 
indentation test on porcine liver as a baseline, the analytical results with the same 
testing conditions were derived with both the SLS model and the DMW model. The 
three sets of results were then compared together, showing that the DMW model 
matched the experimental data >35% better than the SLS model. The entire 
experimental and curve fitting process was later repeated on a fresh porcine spleen 
to further validate the effectiveness of the DMW model (>36% improvement over 
SLS model), and the results indicate the DMW model can be a competitive 
candidate used for modeling different soft tissues. In addition, a Triple Maxwell-
arm Wiechert (TMW) model from a seven-element models family was also analyzed 
to provide comparison to the DMW model. Results show the TMW model provides 
limited improvement (around 1% increase in R2 value from the DMW model), at the 
cost of introducing two more independent terms to the mathematical expression. 
This addition of terms brings significantly increased difficulties in mathematical 
manipulation than that of the DMW model. Finally, the five unknown parameters 
from the DMW model were determined and presented from the curve fitting 
analysis of the experimental data for both the porcine liver and spleen. 
As observed in the paper, the DMW model outperforms the SLS model in 
modeling soft tissue response. Soft tissues, unlike most polymers, are generally 
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more complex in structure and composition, and thus a three-element model (such 
as the SLS model) cannot fully capture these features. In addition, compared to 
higher order models such as the seven-element models (including the TMW model), 
the five-element models (including the DMW model) keep a good balance between 
the mathematical simplicity (only 5 independent parameters) and the experimental 
performance (R2 > 0.95). As a result, the authors recommend using the five-element 
model family as base material model for pure analytical analysis regarding soft 
tissue. The indentation test method and curve fitting procedure described in this 
paper can also be helpful to determine the parameter values of biological tissue 
characterized by this model.  
However, although the DMW model family can accurately model tissue 
responses while possessing simplicity, such simplicity is relative and the actual use 
of this DMW model family in analytical study can still be challenging. This 
challenge is reflected in the actual wheel-tissue interaction modeling in Chapter 4, 
and due to its mathematical difficulty, the use of the DMW model is limited to 
certain simple interaction model such as Johnson’s [91].   
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CHAPTER 4  
BASE WHEEL-INTERACTION 
MODEL DEVELOPMENT 
In this chapter, two tissue-wheel interaction models will be derived based on 
different simplification and assumptions. Considering the actual operation of in vivo 
wheel driven surgical robot, the only control parameter for mobility is the driving 
torque, which is directly controlled by the current input to the driving DC motor. 
Thus, the developed models in this chapter shall be able to give analytical results 
regarding the driving torque. 
4.1 Original Approach Selection 
As described in Section 2.3, there are currently three original approaches 
which are the foundation of almost all existing theories regarding rolling contact on 
viscoelastic substrate. However, the drawbacks of each of the three models are 
obvious, but still hard to overcome because they are associated with their specific 
model development procedure. Unfortunately, the author considers it impractical to 
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develop a new method that works better than the three original approaches, warned 
by the failed attempts by some experienced researchers and author himself [113]. 
Rather than developing a new model from scratch, the author managed to continue 
the work based on the original approaches.   
As a result, it is critical to select the most appropriate original approach in 
order to proceed. A detailed comparison among the three original approaches is 
listed in Table 1. In general, the Hunter’s method [74] is most reliable because it 
doesn’t require unrealistic deformation assumption during the analysis, thus it is 
selected as the first choice. In addition, since the research reported in Section 3.2.2 
indicates the improvement in material property modeling by expanding SLS model 
to the DMW model, as the only original approach that provides the option of such 
expansion, the Johnson’s model [91] will also be considered.   
4.2 Base Model with SLS Model Following Hunter’s Approach 
4.2.1 Wheel-Tissue Interaction Model 
The analysis is based on a simplified wheel-tissue interaction model as shown 
in Figure 24. The wheel is treated as a rigid body while the tissue is modeled as a 
viscoelastic material, using a Standard Linear Solid (SLS) model, and serves as the 
base substrate for the wheel model. This wheel-tissue interaction model is described 
as follows. A wheel of radius, R, and mass, m, is rolling on the viscoelastic tissue. 
The rotational angular velocity,  ̇, and translational moving velocity, V, of the wheel 
are set to be constant. Thus the slip ratio of the wheel, SR, can be defined as  
 
( )R V
SR
V
 
  (4.1) 
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The maximum value of the vertical displacement is represented by δ. Ф is the 
contact angle used to describe a contact position on the wheel that’s making direct 
contact with the tissue. ФF and ФA are two limit values of the contact angle Ф 
characterized by the fore most and aft most contact points of the interaction area, 
and CF and CA are the corresponding horizontal coordinates relative to the center of 
the wheel of these contact points. 
 
Figure 24. Wheel-tissue interaction model, where δ is the maximum deflection of 
the substrate and also the vertical displacement at the center of the wheel. The 
tissue substrate is modeled with SLS viscoelastic model as shown above. The 
independent parallel placement of the substrate model units is for display purpose 
only, interaction between each unit is considered during the analysis. 
 
4.2.2 Tissue Mathematical Model  
As in the Hunter’s model, an SLS model is used to model the substrate. In 
the case of stress relaxation of the SLS model, the strain, ε, of the material is a 
constant value, εconst, so the time-dependent stress function, σ(t), can be related to 
the strain, εconst, by using the concept of relaxation modulus [51] as 
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and E is the general modulus. 
In this analysis, two restraints are prescribed to simplify the initial analysis: 
1) The inertial forces of the tissue are neglected;  
2) The Poisson’s ratio v is assumed to be constant and the material is treated as 
incompressible (v = 0.5). 
The idealizations above are applicable considering the actual situation 
studied, where the wheel is moving at a relatively low translational velocity, and 
that most tissue can be considered incompressible under normal loads [114,115]. 
4.2.3 Mathematical Derivation 
A full solution for the rolling contact of a frictionless rigid cylinder on a 
viscoelastic half-space has been presented by Hunter [74] for SLS material. This full 
solution and its derivation provide a strong theoretical foundation to current 
modeling, thus it is necessary to briefly introduce the essential parts of Hunter’s 
work here. 
4.2.4 Hunter’s Frictionless Result 
In order to analyze the friction effect on the performance of the wheel, it is 
critical to determine the pressure distribution of the wheel-tissue contact surface. In 
Hunter’s work, an analytical solution relating the surface displacement of a 
 58 
 
viscoelastic substrate to a pressure distribution moving at a constant velocity, V, is 
derived based on the analogy to the contact mechanics theory of elasticity. The 
derived displacement expression subject to zero shear traction and a given normal 
pressure distribution, P, in a 3-dimension (3D) space is presented in his work.  The 
expression can be easily reduced to 2-dimensional (2D) version for SLS model and 
plane strain problem as 
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 (4.4) 
where ωy(x) is the vertical displacement of the tissue surface after contact, as shown 
in Figure 24, and η here is a integration variable.  
Eq. (4.4) is the basic equation that relates the displacement of the substrate 
surface to the pressure distribution, with coordinate x being the only unknown 
variable. Thus, (4.4) can now be considered as an integration equation for the 
unknown pressure distribution, P(x). In order to solve for the pressure distribution 
explicitly from (4.4), the geometry of the deformed tissue needs to be determined at 
first.  
In the next section, three basic equations that mathematically characterize 
the deformed geometry of the substrate are developed and the three basic geometry 
variables, CF, CA, and δ, that can give full description of the deformed tissue 
geometry, are solved. 
In order to simplify the algebra, some variable substitutions are performed as 
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As shown in Figure 25, λ can be interpreted as the semi-contact length of the 
contact region. γ is the x coordinate of the middle point of the contact region, which 
also equals the horizontal distance from the middle point of the contact region to the 
center of the wheel. Note λ and γ both have no dependence on variable x or α. 
 
Figure 25. Variable substitution. 
 
After making the substitutions and performing algebra manipulations, (4.4) 
now becomes 
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The contact region assumes a circular shape:  
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in which the contact angle, Φ, is assumed to be small enough to justify the 
treatment of sin(Φ/2) ≈ Φ/2.  
Substituting (4.7) into (4.6), the expression for the pressure is  
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where 
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and H2 is a function of variable α determined next. Here, u is again a randomly 
picked integration variable. 
Eq. (4.8) is the solution for the pressure distribution. However, it is worth 
emphasizing here that this solution is not explicitly complete since it is still 
expressed in terms of the three unknown variables δ, λ and γ (as a constant H1). 
The next step is to solve for these unknowns. 
Applying a boundary condition of P(α/λ = -1) = 0 to (4.8): 
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Solving the integrals in (4.10) with the modified Bessel function and reducing it to 
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where I0(q) and I1(q) are zero and first order of the first kind modified Bessel 
functions. Eq. (4.11) constructs a relation between H2 and H1 (or between δ and γ). 
Eq. (4.11) is the first one of the three basic equations. 
Considering the force equilibrium along y-axis yields 
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Eq. (4.12) can be written as  
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where 
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is the semi-contact length for a stationary wheel on a pure elastic substrate of 
Young’s modulus E0 = E/(1+β). Eq. (4.13) provides a relation between H2 and λ (or 
between δ and λ).  
The third equation is derived based on the continuity of displacement at α = 
λ. An analogy to the pure elastic contact problem of Eq. (4.6) gives 
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From Eq. (4.7), the displacement at α = λ is also derived as 
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Now the continuity of the displacement at α = λ can be satisfied by equating 
Eq. (4.15) to Eq. (4.16) and it is simplified as 
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where K0 and K1 are zero and second order of the second kind modified Bessel 
functions and  p is defined as, p = λ/Vτ. Eq. (4.17) provides a relation between H1 
and λ (or between γ and λ). 
Now the three basic Eqs. (4.11), (4.13) and (4.17), are all constructed and can 
be used to solve for the three basic unknown geometry variables CF, CA and δ. The 
three equations are combined together for convenience as below  
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 (4.18) 
Once the three geometry variables are determined from Eq. (4.18), the 
pressure distribution P(x) can be solved from Eq. (4.8). However, due to the 
difficulties of solving Eq. (4.18) analytically, numerical method was used. 
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4.2.5 Friction Effect Equations 
The friction effect considered here is a general expression and refers to the 
tangential effect between the wheel and the tissue. Research has shown that the 
existence of a non-Newtonian fluid layer at the interaction area complicates the 
friction behavior [116–118]. Various factors including, but not limited to, 
translational velocity, V, slip ratio, SR, are believed to affect the friction [12,119]. 
To the authors’ knowledge, no existing friction model for this situation has received 
general acceptance, so it would always be arguable to use any mathematical model 
to characterize the friction directly. As a result, the friction in the model developed 
here is derived from the equilibrium condition of the wheel in quasi-static state, 
described as follows.  
As shown in Figure 26, at actual working condition of the device, the only 
driving force on the wheel is a given torque generated from the motor. For a quasi-
static situation, the force that moves the wheel forward originates from the 
horizontal component of the friction, fx, while the force balancing it comes from the 
resistance of the tissue, Fx. Thus the force equilibrium condition needs to be 
satisfied as 
 :  0
x x x
N f F   (4.19) 
 :  0.
y y y g
N F f F    (4.20) 
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Figure 26. Force equilibrium of the wheel. The pressure, P(x), and the frictional 
force, f, on the left side are decomposed into their x and y components on the right 
side. 
 
The total normal reaction from the viscoelastic substrate on the wheel is the 
distributed pressure, determined by Eq. (4.8), that is directed through the center of 
the wheel (Figure 26). The components of the total reaction can be expressed as 
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The frictional terms, fx and fy, are generally related to the pressure term, P, 
through a coefficient of friction, μ. Due to the fluid layer between the wheel and 
tissue, this coefficient of friction term has dependence on velocity, V, and slip ratio, 
SR. However, for any given quasi-static state with V as a known variable, μ can still 
be determined as a constant related to the value of SR. Thus the components of 
friction along each direction are constructed as  
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in which Eqs. (4.21) and (4.22) are used. 
Substituting Eqs. (4.23), (4.24) and (4.19) into Eq. (4.20) leads to 
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Since the coefficient of friction for in vivo conditions is rarely larger than 0.2 
[12,120], regardless of slip ratio or translational velocity, the ratio of the friction 
component, fy, to the gravity force of the wheel, Fg, is considered smaller than 0.04. 
As a result, the friction component, fy, has negligible effect on the force equilibrium 
and can be ignored, now Eq. (4.20) becomes  
 :  0.
y y g
N F F   (4.26) 
Thus Eq. (4.22) can now be reduced to  
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where the first order approximation of cosΦ is used. 
Substituting sinΦ = x/R and Eq. (4.27) into Eq. (4.21) leads to  
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where  
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is the semi-contact length for a stationary wheel on a pure elastic substrate of 
Young’s modulus E0 = E/(1+β). Combining Eqs. (4.23), (4.19) and the first equation 
from Eq. (4.18) gives the expressions for coefficient of friction, and friction 
components fx and fy, as  
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Now the required coefficient of friction, μ, under different slip ratio, SR, to 
maintain quasi-static moving state, can also be determined as in the first equation 
of Eq. (4.30). Note that as in Eq. (4.30), although  fy  is neglected in Eq. (4.26), it still 
can be calculated with Eq. (4.24). Substituting the expression of H1, γ, λ and λ0, into 
Eqs. (4.27), (4.28) and (4.30), leads to expressions in terms of those solved variables 
CA, CF, and δ.  
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It is worth mentioning here that instead of appearing individually, two 
variables, V, and τ always appear together in the form of a combined term, Vτ. 
Dividing this term by the constant value λ0 gives a new term Vτ/λ0, which is 
referred to as the ‘Deborah number (De)’ in some literatures [91]. However, since all 
the following analysis is based on the same material sample, that the values of τ 
and λ0 are always constant during the analysis, this De is only determined by the 
translational velocity V for the analysis presented below. 
Now the torque T required to drive the wheel can be determined as  
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Substitute the expression for H1, γ, λ and λ0, into Eqs. (4.27), (4.28), (4.30) 
and (4.31), and we have the those expressions in terms of those numerically solved 
variables CA, CF, and δ from Eq. (4.18).  
4.2.6 Limitation of Hunter’s Model 
The Hunter’s model has been so far shown as a good choice for a foundation of 
future analytical analysis regarding wheel-tissue interaction. However, through 
author’s recent studies, the Hunter’s method [74] was proven failing to work for 
materials with large retardation spectrum strength values (the ratio of short term 
modulus (E1) and long term modulus (E0) in the SLS model), which is not common, 
but could occasionally happen for soft tissue. One such failure example is shown in 
Figure 27. The variation of the values of half contact length (λ) and the coordinate 
of the center of contact area (γ) are plotted against translational velocity in the 
same figure. As plotted, the value of γ can become larger than the value of λ at 
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certain velocities, which results in a positive value of CA, the coordinate of aft 
contact point, as calculated with Eq. (4.5). In this case, the aft contact point will 
actually lie in front of the wheel, which is physically impossible. This phenomenon 
is not reported or discussed by Hunter himself or from any other known                      
sources. 
 
Figure 27. The failure of Hunter’s method. The coordinate of the center of contact 
area (γ) become larger than values of half contact length (λ) at certain velocities for 
large value of β = E1/E0. This would result a positive value for the coordinate of 
after contact point (CA). The meaning of the two parameters can be best 
comprehended with the help of Figure 25. 
 
In addition, the usage of the Hunter’s model is limited to SLS model as the 
substrate only, without the possibility of expanding to DMW model for precise 
material model. This limitation is actually addressed by Hunter himself as: 
Indeed it is possible to derive such an equation (for DMW model or more 
complicated models) formally by the method used before for the SLS. However, 
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the derivation is invalid since the intermediate steps entail consideration of 
divergent integrals which is in solvable. 
As a result, in order to take the advantage of the DMW model in accurate 
material properties modeling, another base model developed from Johnson’s 
original approach following a similar derivation procedure for Hunter’s approach 
described in 4.2.5, and it is briefly presented as follows. 
4.3 Base Model with DMW Model Following Johnson’s Approach 
The analysis is based on a similar wheel-tissue interaction model used in 
Section 4.2.1 with a few adjustments. As shown in Figure 28, the tissue substrate is 
now modeled as a DMW viscoelastic material, while the wheel is still considered 
rigid. All the other symbols used follow the same definition as in Section 4.2.1.  
In addition to the two restraints introduced in Section 4.2.2, another two 
assumptions are used. The four restraints are repeated here for convenience: 
1) The inertial forces of the tissue are neglected;  
2) The Poisson’s ratio v is assumed to be constant and the material is treated as 
incompressible (v = 0.5). 
3) The deflection profiles in front of the tissue is assumed to be not influenced 
by the interaction, thus as a flat surface; 
4) One-dimensional treatment is used and the tissue substrate is modeled by a 
DMW viscoelastic foundation of vertically parallel compressive elements, 
which do not interact with each other. 
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Figure 28. Wheel-tissue interaction model inspired by Johnson [91]. The tissue 
substrate is modeled with DMW viscoelastic model as shown above. The 
independent parallel placement of the substrate model units indicates the one-
dimensional treatment of the substrate model. Interaction between each unit is 
ignored during the analysis.  
 
The origin of the coordinate is located at the center of the wheel, and is 
moving with the wheel. In this configuration, the wheel is moving at a translational 
velocity of V and makes first contact with the tissue at x = CF. The strain of the 
tissue substrate can be expressed as  
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where h is the thickness of the substrate. The stress can be expressed as  
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where E(t) is the relaxation modulus for the tissue substrate. For the DMW model, 
it can be expressed as  
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At steady-state, the time derivatives of strain can be transformed into an expression 
without time-dependency as  
 
2
2
/ ,
2 1
.
2
x
h
R x x x x
V
t t Rh t Rh t Rh


 
  
        
   
 (4.35) 
Thus Eq. (4.33) can be expressed in term of space coordinate x as  
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Substituting Eq. (4.34) into Eq. (4.36), the stress can now be expressed in term of x.  
Since the one-dimensional treatment is used, there is no horizontal 
component of the reaction force from the substrate. The driving torque, T, is 
balanced solely by the vertical force and can be calculated as  
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T x x dx   (4.37) 
4.4 Conclusion 
As discussed in the previous chapter, the DMW model outperforms the SLS 
model in approximating actual material response, at the cost of greatly increased 
mathematical complication, which could eventually prevent it from being used for 
more general modeling. Among the three existing original approaches, only the 
most simplified Johnson’s approach is proven to be compatible with DMW model, 
while the other two are not. Unfortunately, there is still not enough evidence to 
decide which approach is preferable, simpler material model with better interaction 
model (SLS + Hunter), or better material model with simpler interaction model 
(DMW + Johnson).  Both approaches were followed in this chapter to develop the 
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interaction base model, with the purpose of analytically determining the driving 
torque. The two models will both be validated by experiment and Finite Element 
Analysis (FEA) in the next chapter. 
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CHAPTER 5  
MODEL VALIDATION 
After the two base models are developed, it is necessary to check the validity 
of these models by other means before they can be used for further analysis. In this 
chapter, the base model following Hunter’s approach will be validated by comparing 
its geometry and reaction results to both an experiment and a FEA simulation. For 
the base model following Johnson’s approach, only the reaction results are validated 
with FEA simulation. A geometry result from this base model is not verified with 
either method, because the base model itself lacks the ability in predicting realistic 
geometry data. 
The FEA simulation requires a pre-determined coefficient of friction 
expression to quantify the friction force, which is unavailable at this point. This 
problem can be circumvented by analyzing no-slip condition (SR = 0) since then the 
friction is not determined by μ. As a result, only no-slip condition is studied for both 
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the experimental testing and the simulation. The results are later compared with 
the no-slip analytical result from analytical models.  
5.1 Validation Methods 
5.1.1 Experimental Bench Testing 
A laboratory bench testing device is designed and built to help validate the 
deformation results predicted by the base model with Hunter’s approach. The 
vertical displacement of the center of the wheel (δ), on a tissue substrate, is 
measured during the experiment. The device allows the wheel, with prescribed 
normal force, to move on a tissue sample with a controlled horizontal velocity and 
rotational velocity. A more detailed description of the device can be found in [121], 
and some essential description is repeated below for convenience.  
The testing platform was constructed from an aluminum frame foundation. 
The frame supported two main components: the linear drive system, and the 
rotational drive system. The linear drive system consisted of a horizontal 
linear sliding platform (part iii in Fig. 2a), a linear stepper actuator 
(26DBM12D2B-L, Portescap), and a linear potentiometer (LCP12B-50, ETI 
Systems). The driving screw of the linear actuator and the wiper on the 
potentiometer were fixed to the sliding platform. When the linear actuator was 
activated, the platform moved horizontally, which simultaneously moved the 
wiper on the potentiometer. The rotational drive system consisted of a vertical 
pivoting bar (part i in Figure 29a) and a horizontal pivoting bar (part ii in 
Figure 29a). The vertical bar was attached to the frame at point A (Figure 
29b) and hung freely. The horizontal bar attached to the vertical bar at point 
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D. A wheel was attached to an axle (into the page, Figure 29), on the right side 
of the horizontal bar. The axle also contained a timing pulley, which was 
driven by a timing belt and a stepper motor (STH-39C804, Shinano Kenshi). 
The motor shaft was also fixed to the wiper of a rotary potentiometer (132-0-0-
103, Spectrol). When the rotary motor was activated, the axle/wheel and wiper 
of the rotary potentiometer were driven. The linear and rotary motors were 
driven using a stepper motor driver (ROB-10267, Sparkfun, Boulder, CO). 
 
Figure 29. A schematic of the benchtop testing platform components (a) and a 
schematic of the relevant forces (dashed arrows) and displacements (solid black 
arrows) of the benchtop testing platform (b) [121]. 
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In order to accurately measure the vertical displacement of the wheel on 
tissue during testing, a laser pointer is added to the device to amplify the change of 
vertical displacement, as shown in Figure 30. 
 
Figure 30. Sketch diagram for the bench testing system, shows the relative position 
between the laser and the center of the wheel (a), with the configuration of the 
measuring system (b). Lc is 5.943 m and La is 0.152 m. The symbols δ in both (a) and 
(b) are the same and refer to the maximum deflection of the tissue at the center of 
wheel, the same as in Figure 24. 
 
The same porcine liver sample used for indentation test described in Section 
3.2.1 was used as the substrate for the experiment, approximately 10 min after the 
indentation test. The tissue sample was cut into a 40 mm by 20 mm square peace, 
with the lengthy direction along the moving direction of the wheel during the test.  
During the bench testing, the wheel is programmed to rotate without slip on 
fresh pig liver (tested within 24 hours of surgical removal) at discrete translational 
velocity ranges from 1 to 15 mm/s with the increment of 1 mm/s. Five trial tests are 
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performed at each velocity. The vertical movement of the projected laser point, on 
the target, is recorded by a digital camera (SONY DSC-W220, CAM) during the test 
and the actual displacement of the laser point (thus, the value of δ) is post-
processed by a customized MATALB (MathWorks, MA) program. With the amplified 
displacement, δc, measured, the small values of the vertical displacement of the 
center of the wheel, δ, can be derived as 
 .c a
a c
L
L L

 

 (5.1) 
The experimental results of the vertical displacement will be compared to the 
analytical results, in Section 5.2. 
The attempt to experimentally determine the two detaching contact lengths 
(CA and CF) was also performed but was not ideal. The outermost surface of the liver 
is covered by a thin membrane, which easily sticks to the wheel due to adhesion. 
Such adhesion between the wheel and the membrane makes visual determination of 
these detaching contact lengths nearly impossible. As a result, an alternative 
approach (FEA) is used to help verify the analytical result for detaching contact 
length values (CA and CF) described in subsection 5.1.3. 
5.1.2 Material Properties Values 
The material properties of the substrate tissue for the FEA simulation and 
the analytical solution are derived from the indentation test on the same porcine 
liver tissue as reported in Table 4. For the base model following Hunter’s approach, 
only the SLS model parameters were used due to its incapability of incorporating 
 78 
 
DMW model. Both the SLS model and DMW model were used for Johnson’s 
approach. 
5.1.3 Finite Element Analysis (FEA) 
As mentioned in Section 5.1, CA and CF are difficult to determine 
experimentally. In this section, scenarios described in both the analytical and 
experimental sections are studied with FEA simulation. 
The simulation is conducted with finite element package ABAQUS Standard 
(Simulia, RI). Instead of directly applying a gravitational field to the whole system, 
a point load which is equal to the gravitational force of the wheel, Fg, is applied to 
the center reference point of the wheel. This simplification can greatly reduce 
computation cost while not losing accuracy. As the developed analytical model, the 
simulation here is treated as a 2-dimensional (2D) plane strain problem. The 
dimensions and geometry of the 2D simulation replicate experimental bench 
testing. 
 
Figure 31. Geometry configuration of the 2D simulation with smooth wheel.  
 
Although the 2D model here describes a plane strain problem, which does not 
consider the strain along the width (out of the page), the width of the wheel is 
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actually treated as one unit (one meter in this model). The mass and rotational 
inertia of the wheel, as well as the gravitational force, are scaled by the ratio of unit 
width to the actual width of the wheel in bench testing. Since the no-slip condition 
is assumed, the static coefficient of friction between the wheel and the substrate is 
irrelevant as long as it is large enough, and it is chosen as 0.5 here [120]. The wheel 
is treated as a rigid body and meshed with R2D2 (2-node, 2D, rigid) elements, while 
the tissue is meshed with CPE4R (4-node bilinear, 2D, solid plane strain) elements 
(Table 7). During the simulation, the translational velocity of the wheel is given as 
the boundary condition, and no-slip condition is ensured by given a corresponding 
translational velocity.  
Table 7. Simulation parameters. 
Parameters Values 
Mass of Wheel (kg) 0.81 
Radius (mm) 8.95 
Rotational Inertia (kg∙m2) 1.61×10-5 
Point Load (N) 8.00 
Coefficient of Friction 0.50 
Element Type (Wheel) R2D2 
Element Type (Tissue) CPE4R 
Velocity Range (mm/s) 0.5-15 
Tissue Thickness (mm) 13 
Tissue Length (mm) 80 
 
From the results of the simulation, the two geometrical parameters, CA and 
CF, are determined directly by calculating the contact angles of the nodes at the 
contact boundary. These values are then used to compare with the geometrical 
values derived from the analytical method. The cross section view of a test with V = 
15 mm/s is shown in Figure 32 as an illustration of the measurement method. In 
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addition, the vertical displacement of the center of the wheel, δ, as well as the 
horizontal resistance, Fx, are also recorded. 
 
Figure 32. Cross section view of smooth wheel simulation at V=15mm/s in 
ABAQUS. The contour plot shows the y-component stresses. 
 
5.2 Results and Discussion 
Now the analytical results will be compared to the FEA simulation results 
and the experiment results to validate the two base models. The goodness of the fit 
between the analytical result and its associated experimental or FEA simulation 
results is judged by a “Normalized Root Mean Squared Error (Δ%)”, defined as 
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 (5.2) 
5.2.1 Validation of Base Model with Hunter’s Approach  
Due to the complexity of the equations involved, an analytical solution for Eq. 
(4.30) is impractical to derive. Instead, numerical solutions are provided and 
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analyzed with the aid of Mathematica (Wolfram Research, IL). With the 
translational velocity, V, being the only changing variable in the range from 0 to 15 
mm/s, a series of numerical calculations is performed to study the wheel-tissue 
responses, using Eq. (4.30). Also, as explained in the beginning of Chapter 5, for the 
convenience of model validation, only the no-slip condition (SR = 0) is considered.  
By substituting the SLS model parameters into Eq. (4.18), and solving for the 
three geometrical variables, the results for the vertical displacement of the center of 
the wheel (δ) derived from the analytical solution are plotted in Figure 33, along 
with the corresponding results from both the experimental bench testing and the 
FEA simulation. 
 
Figure 33. Comparison of variation of vertical displacement, δ, with translational 
velocity, V (0-15 mm/s). The standard deviations for the experiment results are too 
small to be shown graphically (smaller than 5% of mean value). The Δ% value 
between the FEA and analytical results is 12.33%, and 7.89% between the 
experiment and analytical results. 
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As shown in Figure 33, it can be observed that the analytical results display a 
good match with the experimental results. In addition, the continuous decreasing of 
the vertical displacement, δ, with the increasing of velocity is also observed. This 
phenomenon can be best explained with Eq. (4.4). If the De is set to be zero, V = 0 or 
τ = 0, Eq. (4.4) is reduced to 
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which is consistent with the familiar result of the displacement for a pure elastic 
substrate with Young’s modulus, E = E0, caused by the pressure distribution, P(x) 
[91]. Alternatively, if V approaches infinity, the second term of Eq. (4.4) vanishes as 
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and now the problem reduces to an elastic case again with Young’s modulus being E 
= E0+E1 only. When V is between the two limiting cases, the stiffness of the tissue 
will lie between the two values. As a result, δ decreases with the increase of the 
translational velocity since the tissue becomes ‘stiffer’. Such observation matches 
well with the both the experiment results as well as the FEA simulation regarding 
viscoelasticity. 
Another observation regarding Figure 33 is that, both the experimental and 
FEA results fit well with each other. This builds confidence in that the FEA model 
is simulating the actual experimental situation during the bench testing. Although 
the value of CA and CF cannot be derived from the bench testing, analytical results 
can still be compared with the FEA results for validation, as shown in Figure 34. 
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Figure 34. Variation of contact detaching lengths, CA and CF, with translational 
velocity, V. The Δ% values between the FEA and analytical results are 19.11% and 
15.40% for CA and CF separately.  
 
The FEA and analytical results show similar trends for both CA and CF. More 
specifically, the values of CF are relatively consistent (15.40% in averaged 
differences) between the two methods while the values of CA are less consistent 
(19.11% in averaged differences). One reason for this inconsistency is attributed to 
the treatment of the substrate as half-space in the analytical method, while the 
actual size of the tissue in the experiments and FEA simulation are not large 
enough to be treated as half-space compared to the size of the wheel. Since the 
frontal contact length, CF, is less dependent on this treatment during analytical 
derivation, than that of the aft contact length, CA, it is not surprising to see a larger 
difference associated with the value of CA. However, such differences between the 
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two methods are acceptable because the purpose here is more of a qualitative 
prediction rather than a precise value determination. 
Another observation is that, when V = 0, the problem is in fact reduced to a 
static problem, and both CF and CA are equal to the semi-contact length, λ0. With 
the increase of velocity, CF begins to drop gradually and finally approaches a 
constant value as velocity approaches infinity. When the velocity, approaches 
infinity, CA also approaches the same constant value as CF. These observations are 
consistent with the conclusion made from the analysis of δ, that viscosity of the 
viscoelastic material is negligible at both low and high velocities, in which cases the 
material behaves as a pure elastic material but with different moduli. 
As shown in Figure 35, the relationship between the horizontal resistance 
force, driving torque and velocity are compared for both the FEA and analytical 
results (calculated from Eqs. (4.30) and (4.31)).  
 
Figure 35. Comparisons of the relationship of horizontal resistance, Fx  (left), and 
driving torque, T (right), with translational velocity, V, between FEA and analytical 
results. The Δ% values for the two charts are both 34.48%. 
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The results show a strong qualitative correlation between the FEA 
simulation and analytical method (34.48% in Δ%). Another observation worth 
discussing is the existence of a specific translational velocity value corresponding to 
the turning point of the curves, the boundary velocity, which divides both charts 
into two distinct regions. The force (torque) and velocity are proportional in one 
region, while inversely proportional in the other region. Such an observation is not 
unexpected, since the horizontal resistance force is directly related to the viscosity 
of the tissue, which increases first and decreases later with increase of velocity, and 
the driving torque equals to resistance force multiplied by the wheel radius at 
steady state. The existence of such boundary value is of great importance to the 
wheel-tissue interaction, which shall be discussed in detail in the next chapter. 
5.2.2 Validation of Base Model with Johnson’s Approach 
As discussed in Section 2.2.2.6, the deformed profile of the Johnson original 
approach is greatly simplified, thus it is not reasonable to compare the geometry 
parameters between the Johnson based model and experimental or FEA result. The 
only parameter compared here is the driving torque, T, as shown in Figure 43.  
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Figure 36. Variation of driving torque, T, with translational velocity, V. Both the 
SLS and DMW models are calculated with analytical model and FEA simulations. A 
significant difference is observed between different material models. The Δ% values 
are 34.48% and 21.02% for SLS comparison and DMW comparison separately. 
 
The FEA results show similar torque behavior with the change of translation 
velocity, V, between each material model (34.48% in averaged differences for SLS 
model and 21.02% in averaged differences for DMW model). The turning points 
associated with the torque curves are numerically close for both the SLS model and 
DMW model individually. This indicates the validity of the base model develop 
following Johnson’s approach in driving torque prediction, with both SLS model and 
DMW model. 
5.3 Conclusion 
In this chapter, both base models are validated by proper experimental 
methods or FEA simulations. The base models developed following both Hunter’s 
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approach and Johnson’s approach are proven to be reliable in approximate real 
wheel-tissue interaction.  
In addition, the analytical results of Figure 35(right) and Figure 36 can be 
combined together and plotted in Figure 37. The existence of a turning point for 
each curve is found to be universal, regardless the material model (SLS or DMW), 
original approaches (Johnson or Hunter).  The exact locations of the turning points 
are similar for both SLS model based approaches, indicating the similarity in 
driving torque prediction among different approaches. 
 
Figure 37. Analytical results comparison for driving torque. The image on the right 
is zoomed in at a region with V = 0-1 mm/s for convenience. 
 
However, the difference in turning points between SLS model results and 
DMW models results are quite obvious even for the same Johnson’s approach, and 
cannot be attributed to systematic error and is believed to be caused by the different 
material models used. With all other simulation situations being the same, this 
difference indicates the selection of material model for substrate tissue is critical for 
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driving torque behavior prediction. In addition, the torque curve using the Triple 
Maxwell-arm Wiechert model (named TMW model as mentioned in Section 3.1.2.2) 
for the substrate and following Johnson’s approach is also derived and plot with the 
SLS and the DMW models in Figure 38 for comparison. The general behavior of the 
three curves shows a trend with the increasing number of the Maxwell-arms in the 
substrate model, that the curves are converging to a state with really small 
boundary velocity value. The finding is interesting, as it can be treated as a proof 
for the accuracy of using the DMW model for tissue substrate. 
  
Figure 38. Torque curves comparisons with the SLS, the DMW and the TMW model 
based on Johnson’s approach. The image on the right is zoomed in at a region with 
V = 0-0.2 mm/s for convenience. The results are converging with the increased 
Maxwell-arm numbers. 
In this next chapter, the developed base model will be put into a few simple 
applications to demonstrate their potentials. Due to the special interest in driving 
torque prediction, the application will focus on the results derived from the torque 
chart. Due to the similarity in qualitative behavior, only the base model with SLS 
material model and Hunter’s approach will be analyzed in detail. 
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CHAPTER 6  
MODEL APPLICATION AND 
DISCUSSION 
Due to the complexity of the equations involved, an analytical solution to this 
problem is impractical to derive. Instead, numerical solutions are provided and 
analyzed with the aid of Mathematica (Wolfram Research, IL). The physical 
parameters used for the wheel are measured directly from the actual design of a 
surgical robot. The material parameters of the SLS model are determined from the 
indentation test for porcine liver tissue, as reported in Table 4. Those data are 
repeated again and listed in Table 8 along with the physical parameters of wheel for 
convenience.  
As shown in Table 8, with the translational moving velocity, V, being the only 
changing variable in the range from 0 to 150 mm/s, a series of numerical 
calculations is performed to study the wheel-tissue responses.  
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Table 8.   Value list for prescribed variables. 
Fg  
(N) 
R  
(mm) 
E0 
 (kPa) 
E1 
(kPa) 
η1  
(kPa∙s) 
τ 
(s) 
V 
(mm/s) 
λ0* 
 (mm) 
v β 
8 8.95 4.35 12.54 2.52 0.20 0~150 1.55 0.50 2.88 
*: λ0 is the semi-contact length for a stationary wheel, and it is calculated with Eq. (4.14).  
6.1 Geometry Analysis 
By substituting the values from Table 8 into Eq. (4.18), and solving for the 
three variables, the results are plotted in Figure 39. 
 
Figure 39. Variation of contact lengths, CA, CF, and maximum displacement, δ, with 
translational velocity, V. 
 
As shown in Figure 39, when V = 0 mm/s, the problem is reduced to a static 
problem, and both CF and CA equal to the semi-contact length, λ0, for pure elastic 
substrate. With the increase of velocity (also, the Deborah number), CF begins to 
drop gradually and finally approaches a constant value as velocity approaches 
infinity. In general, CA also approaches the same constant value as CF then the 
velocity goes to infinity. However, CA also shows an obviously different response to 
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the change of V from CF because the existence of a turning point in the trend. Such 
phenomena can be best explained by observing the ratio, CA/CF, versus the velocity, 
as shown in Figure 40.  
As shown in Figure 40, the CA/CF ratio value starts with value 1 and drops 
rapidly. After passing its lowest value, it gradually increases and reaches value 1 
eventually. The ratio value being 1 indicates a symmetrical deformed geometry, 
which is the characteristic result for a pure elastic problem. This means, with zero 
and infinite velocity values, the viscous effect of the tissue becomes negligible and 
the viscoelastic substrate responds as if it was purely elastic. With the increase of 
the velocity, the viscous effect increases first and then dies out after passing a peak 
value.  
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Figure 40. Variation of contact length ratio, CA/CF, with translational velocity, V. 
  
In addition, the continuous decreasing of the maximum depth of penetration, 
δ, can be explained with Eq. (4.4).  If Deborah number is set to be zero, V = 0 or τ = 
0, Eq. (4.4) is reduced to  
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which is consistent with the familiar result of the displacement for a pure elastic 
substrate with Young’s modulus, E/(1+β), caused by pressure distribution, P(x, z). 
Alternatively, if V approaches infinity, the second term of (4.4) vanishes as 
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and now the problem reduces to an elastic case again with Young’s modulus being E 
only. When V is between the two limiting case, the stiffness of the tissue will lie 
between the two values. As a result, δ decreases with the increase of the Deborah 
 93 
 
number since the tissue becomes ‘stiffer’. Such observation matches well with the 
existing experiment results regarding viscoelasticity. 
6.2 Friction Analysis 
Substituting all derived variables into Eq. (4.30), and performing a series of 
numerical calculations, gives some insight into the effect of friction on wheel 
performance. Such effect is best discussed from two individual aspects: steady state 
effects and non-steady state effects. 
6.2.1 Steady State 
The steady state indicates that the wheel’s non-slip condition (pure rolling) is 
maintained unconditionally and no acceleration or deceleration processes are 
considered. The trends of friction components, fx and fy, and resistance force 
component, Fx, with the translational velocity are plotted in Figure 41.  
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Figure 41. Variation of frictional forces, fx, fy, and resistance, Fx, with translational 
velocity, V. Note that Fx = fx as from Eq. (4.30). Dash-dot lines indicate the Boundary 
Velocity that divides the plot into two distinct regions: A and B. 
 
A specific boundary velocity corresponding to the turning point of the curves, 
the boundary value, basically divides the chart into two distinct regions (A and B as 
shown in Figure 41). In region A, the forces behave proportionally to the increase of 
the velocity number, while inverse proportionally in region B. The resistance force, 
Fx, increases with the increase of velocity in region A but decreases with it in region 
B, since it is the direct effect of the viscosity of tissue substrate, as discussed in 
Section 6.1. From the equilibrium equations of Eq. (4.30), it is also straightforward 
to note the other two force components, fx and fy, should have the same trend as the 
resistance, Fx, since their expressions only differ from each other by a factor of 
certain constants. In addition, one thing worth mentioning here is that the value of 
fy is significantly smaller than the value of gravity force, Fg = 8 N, under all 
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conditions. This finding justifies the treatment of conceiving Eq. (4.26) from Eq. 
(4.20) discussed in Section 4.2.5. Although the similarity between Figure 40 and 
Figure 41 regarding the turning point is immediately noticed, it should be 
emphasized here that the specific value of the turning point are not the same in the 
two charts. 
The non-slip condition is essential for good wheel performance and robot 
mobility, thus a candidate wheel tread design should be able to meet this 
requirement. In Figure 42, the minimum static coefficient of friction, μ, is also 
plotted versus the translational velocity, V. If the actual tread design can only 
provide a static coefficient of friction, μs-actual (as indicated by the dash-dot line in 
Figure 42), that is smaller than the required value, μs-required, slip would occur 
between wheel and the tissue when the translational velocity, V, lies in a certain 
range (characterized by VB-1 and VB-2 in Figure 42), and the wheel’s performance 
would be significantly compromised. As a result, Figure 42 can be used as a 
criterion for candidate wheel tread design evaluation for a given robot wheel and 
tissue substrate. 
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Figure 42. Variation of minimum required static coefficient of friction, μ, with 
translational velocity, V. The dash line indicates the required minimum static 
coefficient of friction, μs-required, as predicted by the analysis for all velocity values. 
The velocity values, VB-1 and VB-2, corresponding to the two intersection points 
between the curve and the actual static coefficient of friction value divide the plot 
into two non-slip regions and one slip region (range between VB-1 to VB-2). Note the 
velocity range in this chart is reduced to 0-15 mm/s for clearer demonstration. 
 
For a motor-powered, wheel-driven robot, the surgeon can control the applied 
power input and wheel torque. Thus it is necessary to analyze the variation of the 
required driving torque with the velocity. The applied driving torque of wheel, 
determined from Eq. (4.31), is now plotted against the translational velocity in 
Figure 43. The shape of the curve for region B is non-intuitive, since it appears that 
less driving torque is needed for a higher moving velocity. Further analysis of this 
plot seems to suggest the increase of the moving velocity can be achieved by 
reducing driving torque instead of increasing it, which is not possible.  
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Figure 43. Variation of required driving torque, T, with translational velocity, V. 
Similar as the resistance shown in Figure 41, the plot can also be divided into 
region A and B by the boundary value of the boundary velocity. 
 
The critical point to understand this is that the plot is for steady states only.  
It is correct to say lower driving torque is needed to ‘maintain’ a higher moving 
velocity, while it is not the case if such velocity needs to be changed. The analysis 
regarding the change of velocity requires the concept of non-steady state movement 
and will be discussed in the following section. 
6.2.2 Non-Steady State 
A non-steady state refers to the transient responses of the tissue-device 
interaction when steady state is no longer the case, such as the change of moving 
velocity and the occurrence of slip. As a result, Eqs. (4.27),  (4.30) and (4.31) are no 
longer useful since they are all developed based on force equilibrium equations 
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defined by Eq. (4.19) and Eq. (4.20). However, Eq. (4.28) is still applicable since its 
derivation has no such dependence.   
The non-slip case with changing velocity is first analyzed. The non-steady 
state is treated as a combination of a series of discrete constant acceleration states 
separated by small time increments dt (dt = 0.001 s in this case) in a row. The wheel 
was initially (t = 0 s) moving at a constant velocity Vi, then the driving torque 
increases from Ti to Ti+dT after the first time increment dt and is then hold 
constant at this new value. Note that now the expressions for Fx from (4.28)  is a 
function that depends on time, t.  The non-slip condition gives  
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where aw is the translational acceleration of the wheel and αw is the angular 
acceleration of the wheel rotation, and m and Im = mr2/2 are the mass and the 
moment of inertial of the wheel respectively. The friction can be determined from 
(5.5) as 
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The analysis proceeds as follows. For time t = tn, 
1) Determine the value of resistance Fx(tn) from (4.28) based on velocity V(tn); 
2) Determine the value of the friction fx(tn) from (5.6), the torque T(tn) is a given 
constant; 
3) Determine the translational acceleration, aw(tn),  and the angular 
acceleration, αw(tn), from (5.5); 
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4) Consider the acceleration terms as constant from t = tn to t = tn+dt, and 
calculate the velocity term at t = tn+dt as  
 ( ) ( ) ( ) .n n nV t dt V t a t dt    (5.7) 
Now the value of V(tn+dt) can be substituted back to step 1) and the whole 
procedure repeats and continues as needed.  
6.2.2.1 Movement and Torque Chart 
Eqs. (5.5), (5.6) and (4.28) are used together to predict the variation of Fx, fx 
and V with time t. The analysis results for two arbitrary chosen initial translational 
velocity values from region A and region B respectively are quite different and are 
discussed as follows.  
The results regarding a low initial velocity, Vi = 1 mm/s which corresponds to 
region A in Figure 41, are plotted in Figure 44.  
 
Figure 44. Variation of parameters with time after torque increase for translational 
velocity, V, of region A without slip. Left: Driving torque, friction and resistance 
versus time. Friction and resistance are scaled by a factor of R to be plotted in the 
same chart as torque T; Right: Velocity versus time. 
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As shown in Figure 44, with a small increase of the torque, both the friction 
and resistance increase gradually. Since there is a delay of friction increase to the 
torque increase, as well as a delay of resistance increase to the friction increase, 
both the translational acceleration and angular acceleration emerge and gradually 
die out (see Eq. (5.5) and the gap between the three curves as shown in Figure 45). 
This results in a small increase of the moving velocity. After a short period of non-
steady state, the movement reaches a new steady state and the wheel moves at a 
higher constant velocity, without slip.   
The results based on a high initial velocity, Vi = 10 mm/s, which corresponds 
to region B in Figure 41, are also plotted in Figure 45. As shown in Figure 45, with 
a different initial velocity, Vi, the response is quite different from the previous case. 
Instead of reaching a new steady state, the wheel keeps accelerating. The torque 
increase in this case causes the decrease of both the friction and resistance. These 
decreases ensure the existence of a positive translational acceleration and angular 
acceleration, which make the velocity of the wheel increase infinitely, as indicated 
in the right of Figure 45. The increasing gaps between the torque and friction lines 
as well as the friction and resistance lines also predict the continuous increasing of 
the translational acceleration and angular acceleration. 
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Figure 45. Variation of parameters with time after torque increase for translational 
velocity, V, of region B without slip. Left: Driving torque, friction and resistance 
versus time. Friction and resistance are scaled by a factor of R to be plotted in the 
same chart as torque T; Right: Velocity versus time. 
 
In the previous analyses, the non-slip condition is always unconditionally 
satisfied. However, this is not always the case in actual application. Now the 
situation with slip is discussed. Again, the wheel is moving at a constant initial 
velocity, Vi, without slip, and a small torque increase is applied to the wheel at time 
t = 0 + dt. This time, instead of allowing the friction to change unconditionally to 
satisfy the non-slip condition, the maximum allowed value of the static friction is 
set to be C (1.02 in this case) times larger than the current friction (fxmax = Cfx(t = 
0)). In such case, Eq. (5.6) is only valid as non-slip condition is satisfied when 
angular velocity  ̇=V/R. Otherwise, friction will always equal the maximum friction 
value. Once the friction reaches the maximum value, the wheel begins to slip, and 
the dynamic friction instead of static friction is working as the friction source. To 
 102 
 
simplify the analysis, the maximum static coefficient of friction is assumed to be 
equal to the dynamic coefficient of friction.  
The results for a low velocity (Vi = 1 mm/s, region A) and a high velocity (Vi = 
10 mm/s , region B) are derived and plotted in Figure 46 and Figure 47.  
 
Figure 46. Variation of parameters with time after torque increase for low velocity 
corresponding to region A, with slip. Left: Driving torque, friction and resistance 
versus time. Friction and resistance are scaled by radius value R; Right:  Velocity 
and angular velocity versus time. Angular velocity is scaled by radius value R. 
 
As shown in Figure 46, the friction and resistance response similarly as in 
Figure 44. However, although zero translational acceleration is achieved, zero 
angular acceleration can never be achieved here, in contrast to Figure 44. This 
indicates the moving velocity of the wheel will increase for a while and reach an 
equilibrium value, while the angular velocity,  ̇, will keep increasing, and the slip 
between the wheel and the tissue never ceases. Also worth mentioning here is that, 
although with all other conditions being the same, the equilibrium moving velocity 
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achieved in the slip case is lower than the one of non-slip case as shown in Figure 
44. This indicates a better performance of wheel with no-slip condition. 
For the cases with high initial velocity from region B, the situation is more 
complex. As shown in Figure 47, after the torque increase, the friction reaches the 
maximum value immediately, and the wheel begins to slip. At the same time, the 
resistance force gradually decreases due to the increase of the moving velocity. The 
increasing gap between the friction and the resistance gives an increase to the 
translational acceleration of the wheel, while the angular acceleration is constant 
due to the constant gap between friction and torque. As a result, the difference 
between the angular velocity and the moving velocity decreases, gradually 
approaching zero, which is the condition for non-slip movement. After the regain of 
non-slip condition, the wheel performs as discussed for Figure 45.  
 
Figure 47. Variation of parameters with time after torque increase for high velocity 
corresponding to region B, with slip. Left: Driving torque, friction and resistance 
versus time. Friction and resistance are scaled by a factor of R; Right: Velocity and 
angular velocity versus time. Angular velocity is scaled by radius value R. 
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Another fact worth mentioning here is that, although the torque decreases as 
the velocity increases in domain B, the power doesn’t behave as that, since power 
equals to the multiplication of torque and angular velocity. The required power 
input chart is shown in Figure 48, and it indicates higher velocity movement 
requires a higher power input, which is expected.  
 
Figure 48.  Variation of required power input for steady-state movement. The 
required power input continuously increase with the increase of translational 
velocity regardless the decrease of driving torque in domain B. 
 
6.2.2.2 Wheel Motor Operation Control Algorithm 
Results from the previous section indicate, the equilibrium in region A is 
indifferent equilibrium, which means the small change of driving torque will change 
the moving velocity by a small amount and force the wheel to again reach an 
equilibrium state at a new velocity. However, the equilibrium in region B is 
unstable equilibrium, which suggests that any small amount of perturbation can 
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cause dramatic change of moving velocity, and a new equilibrium condition cannot 
be achieved unless torque is set precisely to the value determined based on the 
instantaneous moving velocity of the wheel. This requires a sensitive control system 
to help minimize torque loss and maximize in vivo mobility.  
As shown in Figure 49, suppose a wheel is already moving in domain B at a 
steady-state translational velocity of V1 = 9 mm/s, driven by torque T1. In order to 
reach a new steady-state with translational velocity of V2 = 12 mm/s, the driving 
torque needs to be increased by a small amount dT to break current equilibrium 
state and into a non-steady state. The wheel will begin its acceleration process, and 
the control algorithm shall be able to monitor the real time velocity. Once the target 
velocity (V2 = 12 mm/s) is reached, the driving torque has to be reduced to T2 
immediately to force the wheel back into the equilibrium state.  
 
Figure 49. A diagram showing the precise control of torque needed for velocity 
change in region B. Note the velocity range in this chart is reduced to 0-15 mm/s for 
clearer demonstration. 
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CHAPTER 7  
CONCLUSION AND FUTURE 
RESEARCH 
The goal of the research reported above is to find a suitable analytical base 
model that can be used to analyze wheel-tissue interaction. Motivated by the 
promising future of using PDMS patterned wheel as driving mechanism for in vivo 
surgical robots, the author’s group works on the development of a systematic 
procedure that can optimize the design of the PDMS pattern to achieve best in vivo 
mobility. A proper analytical model can be of great importance to such work by 
providing theoretical background for experiment design and results analysis.  
As the first phase of this research, a theoretical study of quasi-static wheel-
tissue interaction for in vivo medical robotic device is developed based upon existing 
models. The first base model is derived from Hunter’s approach [74] using Standard 
Linear Solid (SLS) viscoelastic model for tissue simulation. This model is then 
verified through experimental testing and FEA simulation. The second base model 
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adopts the idea of Johnson [77] and modifies its substrate model from an SLS model 
to a self-developed Double Maxwell-arm Wiechert (DMW) model. This model is 
validated through FEA simulation only due to the inaccuracy of geometry 
parameters caused by model assumption.  
Analytical analysis and numerical calculations are performed on the two base 
models with translational velocity as the only variable, and the results reveal the 
existence of a specific boundary velocity value, which is determined by material 
properties. This boundary velocity value divides the velocity variation interval into 
two different regions (region A and B), in either of which the wheel performs 
differently. Analysis aimed at determining the required driving torque for 
equilibrium conditions (constant moving velocity) at the two regions is also 
performed.  A comparison of the torque charts from the two base models is also 
presented as shown in Figure 37. The results show even with the same tissue 
material, the difference between the SLS model and DMW model parameters can 
cause significant difference between the two charts, especially the position of the 
boundary velocity.  
The cause of such discrepancy in boundary velocity values is a warning to the 
further use of any SLS based model. However, the lack of actual experiment data on 
force and torque precludes further advancement of this model. As a result, a novel 
design testing instrument with such capabilities has already gone through design 
critique process and is currently under fabrication at author’s group, as shown in 
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Figure 50. With additional experiment data collected, a proper model shall be 
selected as the base model for future study.  
 
Figure 50. The CAD view of a newly designed testing device for experiment. The 
device possess the function of measuring driving torque, resistance force and 
vertical displacement simultaneously in real time with higher precision in data 
measurement and movement control. (Courtesy of Levin Sliker) 
 
The base model developed above can be used as an analytical tool to predict 
wheel-tissue response under different working conditions including wheel geometry, 
operation velocities and slip ratio. Thus it can help provide design suggestions to 
improve wheel performance in vivo. Currently, other in vivo resistance sources, 
such as the adhesion from the mucosa and geometry variation of the tissue surface 
is excluded from the model due to tremendous work required to mathematically 
express such factors. However, a port is left in the developed model for such factors 
to be included once they are available. Author’s colleagues in the research group 
have been working towards the development of these factor models through 
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experimental approach, and made some promising progress that can be found in 
published literature [8,12]. 
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